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PAY TEE EACC Es. 


HE object of the following treatise is to exhibit the 
elementary principles and notation of the Quaternion 

Calculus, so as to meet the wants of beginners in’ the 
class-room. The Hlements and Lectures of Sir William 
Rowan Hamilton, while they may be said to contain the 
suggestion of all that will be done in the way of Quater- 
nion research and application, are not, for this reason, as 
also on account of their diffuseness. of style, suitable for 
the purposes of elementary instruction. Tait’s work on 
Quaternions is also, in its originality and conciseness, 
beyond the time and needs of the beginner. In addition 
to the above, the following works have been consulted: 

Calcolo det Quaternione. Bellavitis; Modena, 1858. 

Exposition de la Méthode des Equipollences. Traduit 
de l’Italien de Giusto Bellavitis, par C.-A. Laisant; Paris, 
1874. (Original memoir in the Memoirs of the Italian 
Society. 1854.) 

Théorie Elémentaire des Quantités Complexes. J. 
Hotiel; Paris, 1874. 

Essai sur une Maniere de Representer les Quantités 
Imaginaires dans les Construction Géométriques. Par 
R. Argand; Paris, 1806. Second edition, with preface 
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iv PREFACE. 


by J. Hotiel; Paris, 1874. Translated, with notes, from 
the French, by A. S. Hardy. Van Nostrand’s Science 
Series, No. 52; 1881. 

Kurze Anleitung zum Rechnen mit den (Hamilton schen) 
Quaternionen. J. Odstréil; Halle, 1879. 

Applications Mécaniques du Calcul des Quaternions. 
Laisant; Paris, 1877. 

Introduction to Quaternions. Kelland and Tait; Lon- 
don, 1873. 

A free use has been made of the examples and exercises 
of the last work; and, in Article 87, is given, by permis- 
sion, the substance of a paper from Volume I., page 379, 
American Journal of Mathematics, illustrating admirably 
the simplicity and brevity of the Quaternion method. 

If this presentation of the principles shall afford the 
undergraduate student a glimpse of this elegant and pow- 
erful instrument of analytical research, or lead him to 
follow their more extended application in the works above 
cited, the aim of this treatise will have been accomplished. 

The author expresses his obligation to Mr. T. W. D. 
Worthen for valuable assistance in the preparation of 
this work, and to Mr. J. 8. Cushing for whatever of 


typographical excellence it possesses. 
Aue Se) ELAR DIS 
Hanover, N.H., June 21, 1881. 
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ELEMENTS OF QUATERNIONS. 


QUATERNIONS. 


CHAPTER I. 


Addition and Subtraction of Vectors, or Geometric Addition and 
Subtraction. 


1. A Vector is the representative of transference through a 
given distance in a given direction. 


Thus, if A,B are any two points, vector AB implies a trans- 
lation from A to B. 

A vector may be represented geometrically by a right line, 
whose length denotes the distance over which transference takes 
place, and whose direction denotes the direction of the trans- 
ference. In thus designating a vector, the direction is indicated 
by the order of the letters. 

Thus, 4B (Fig. 1) denotes ‘transference 
from Aa to B, and BA from B to A. 

Retaining the algebraic signification of the signs + and —, if 
AB denotes motion from A to B, then —axp will denote motion 
from B to 4, and 


Fig. 1. 
B 


ABBA = AB = BAT eel ss eee CL) 


Hence, the effect of a minus sign before a vector is to reverse 
its direction. 

The conception of a vector, therefore, implies that of its two 
elements, distance and direction; it was first defined as a directed 
right line. It is now applied more generally to all quantities 
determined by magnitude and direction. Thus, force, the path 
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of a moving body, velocity, an electric current, etc., are vector 
quantities. 

Analytically, vectors are represented by the letters of the 
Greek alphabet, a, 6, y, ete. 


2. It follows, from the definition of a vector, that all lines 
which are equal and parallel may be represented by the same vec- 
tor symbol with like or unlike signs. 
If equal and drawn in the same 
direction, they will have the same 
sion. Hence an equality between 
two vectors implies equality in dis- 
tance with the same direction. 

Thus, if aB (Fig. 2), cp, BE, EF 
and uG are equal and drawn in the same direction, they may be 
represented by the same vector symbol, and 


Fig. 2. 


Cc D 


AB = CD = BES OEP = HG sa 15 Wea eae 


3. It follows also from the definition of a vector that, if vec- 
tors are not parallel, they cannot be represented by the same 
vector symbol. 

Thus, if the point a (Fig. 3) move over the right line as, 
from a to B, and then over the right line sc, from B to oc, and 

AB =a, BC must be denoted by 


te some other symbol, as f. 


1D r 
The result of these two suecces- 


c 
r i sive translations of the point a is 
B the same as that of the single and 
direct translation AC=y, from a to 
a B Cc; in either case ais found at the 
extremity of the diagonal of the 
parallelogram of which as and Bo are the sides. This combina- 


tion of successive translations is called addition, and is written 
in the ordinary way 
J Nie ae ed Co Ca eee. 2 (8). 


This expression would be absurd if the symbols denoted mag- 
nitudes only. It means that transference from a to B, followed 


A 
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by transference from B to c, is equivalent to transference from 
Atoc. The sign + does not therefore denote a numerical ad- 
dition, or the sign = an equality between magnitudes. It is, 
however, called an equation, and read, as usual, “a plus £ is 
equal to y.” This kind of addition is called geometric addition. 


4. If the point a (Fig. 3), instead of moving over the sides 
AB, BC of the parallelogram ancp, had moved in succession over 
the other two sides, ap and pc, the result would still have been 
the same as that of the single translation over the diagonal ac. 
But since aB and Bc are equal in length to pc and ap respect- 
ively, and are drawn in the same direction, we have (Art. 2) 


AB= DC “and  BC=AD,; 


and if the first two translations are represented by ab and Bc, 
the second two may be represented by Bc and ax, or 


a+B=B+a=y dy cheesey Cale 


Hence the operation of vector addition is commutative, or the 
sum of any number of given vectors is independent of their order. 


5. If the point a (Fig. 4) move in succession over the three 
edges AB, BC, cG of a parallelopiped, 


we have 

AB + BC = AC, 
and 

AC + CG = AG, 
or 


(AB + BC) + CG = AG. 


In like manner 
BC+ CG = BG, 


AB + BG = AG, 
or 


- AB + (BC + CG) = AG. - 


Hence 
(apn+Bc)+ca=aB+(spco+coa) . . . (d), 
and the operation of vector addition is associative, or the sum 
of any number of given vectors is independent of the mode of 
grouping them. 
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6. Since, if.ac=y (Fig. 3), then ca = —y, we have 
a+B—y=0, 
or, comparing with equation (3), 
a+ B= 7; 


a term may be transposed from one member to another in a vector 
equation by changing its sign. 

Also, in every triangle, any side may be considered as the 
sum or difference of the other two, depending upon their direc- > 
tions as vectors. Thus (Fig. 3) 


me p=a, 
y—a= 6. 

It is to be observed that no one direction is assumed as posi- 
tive, as in Cartesian Geometry. The only assumption is that 
opposite directions shall have opposite signs. ‘The results must, 
of course, be interpreted in accordance with the primitive as- 
sumptions. Thus, had we assumed BA=a (Fig. 3), y and 8 
being as before, then 


7. If two vectors having the same direction be added together, 
the sum will be a vector in the same direction. If the vectors 
be also equal in length, the length of the vector sum will be the 
sum of their lengths. If n vectors, of equal length and drawn 
in the same direction, be added together, the sum will be the 
product of one of these vectors by 7, or a vector having the same 
direction and whose length is n times the common length. If 
then (Fig. 2) 

AP == QAB == 2CD=Seu5 
where A, B and ¥ are in the same straight line, cp = as, and a 
is a positive whole number, # expresses the ratio of the lengths 
of ar anda. From the case in which # is an integer we pass, 
by the usual reasoning, to that in which it is fractional or in- 
commensurable. Vectors, then, in the same direction, have the 
same ratio as the corresponding lengths. 
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If a8 =a be assumed as the unit vector, then 
AF = a, 


in which m is a positive numerical quantity and is called the 
Tensor. It is the ratio of the length of the vector ma to that 
of the unit vector a, or the numerical factor by which the unit 
vector is multiplied to produce the given vector. 

Any vector, as 8, may be written in general notation 


B=TRUB. 

In this notation, T@ (read ‘‘ tensor of 8”) is the numerical 
factor which stretches the unit vector so that it shall have the 
proper length; hence its name, tensor. It is, strictly speaking, 
an abstract number without sign, but, to distinguish between it 
and the negative of algebra, it may be said to be always posi- 
tive. Uf (read ‘‘ versor of 8”) is the unit vector having the 
direction of 8; the reason for the name versor will appear later. 

T and U are also general symbols of operation. Written be- 
fore an expression, they denote the operations of taking the 
tensor and versor, respectively. Thus, if the length of 8 is n 
times that of the unit vector, 


T(P)=n, 
where T denotes the operation of taking the stretching factor, 
i.e. the tensor. While 

U(B)=UB 


indicates the operation of taking the unit vector, that is, of 
reducing a vector 8 to its unit of length without changing its 
direction. 


8. If sc (Fig. 5) be any vector, and Ba=ysc, then 
—BA= AB= — YBC; Fig. 5. 


and, in general, if BA and Bc be B Cc A 
any two real vectors, parallel and 

of unequal length, we may always conceive of a coeflicient y 
which shall satisfy the equation 


BA = YBCO, 
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where y is plus or minus, according as the vectors have the same 
or opposite directions. ¥ may be called the geometric quotient, 
and is a real number, plus or minus, expressing numerically the 
ratio of the vector lengths. This quotient of parallel vectors, 
which may be positive or negative, whole, fractional or incom- 
mensurable, but which is always real, is called a Scalar, because 
it may be always found by the actual comparison of the parallel 
vectors with a parallel right line as a scale. 

It is to be observed that tensors are pure numbers, or signless 
numbers, operating only metrically on the lengths of the vectors 
of which they are coefficients: while scalars are sign-bearing 
numbers, or the reals of Algebra, and are combined with each 
other by the ordinary rules of Algebra; they may be regarded 
as the product of tensors and the signs of direction. 


Thus, let 
a= aUa. 


Then Ta=a. If we increase the length of a by the factor 8, 
b is a tensor, but the tensor of the resulting vector is ba. If we 
operate with — b, — 0 is not a tensor, for a is not only stretched 
.but also reversed ; the tensor of the resulting vector is as before 
ba; in other words, direction does not enter into the conception 
of a tensor. As the product of a sign and a tensor, —bisa 
scalar. The operation of taking the scalar terms of an expres- 
sion is indicated by the symbol $8. Thus, if ¢ be any real alge- 
braic quantity, 


S(— baUa+c)=c, 
for — ba Ua is a vector, and the only scalar term in the expres- 
sion Is ¢. 
9. It is evident from Art. 7 that if a, b, c are scalar coefti- 
cients, and a any vector, we have 
(a+b+c)a=aa+batean. .. © (6). 
Furthermore, if (Fig. 6) 


OA=a, AB=fB, BC=y, OA'=Ma, 


GEOMETRIC ADDITION AND SUBTRACTION. 7 
then, a's’ being drawn parallel to aB and B’c! to Be, 


Ble ine, 3B CO = ny. 
Now 
oc=a+B+ Y 
and 
oo! = moc=m(a+B+y). 


But we have also 


Oc = 04'4= A's! =p /o! 
= ma+ mB + my. 


Hence 
m(atB+y)=matmB+my . . . (7), 


or the distributive law holds good for the multiplication of scalar 
and vector quantities. 


10. It is clear that while 


a—a=0, 


a + £ cannot be zero, since no amount of transference in a direc- 
tion not parallel to a can affect a. 
Hence, if 
na+tmB=0, 


since a and f are entirely independent of each other, we must 


have 
na=0 and mB=0, 


or 
p=0 eine ge U. 
Or, if 
ma+nB=m'a+n'B, 
then 
m=m' and n=n'. 
And, in general, if 
ya+38=0, 
then Bee pecee fA) 


Sa=0 and 26=0 
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Three or more vectors may, however, neutralize each other. 
Thus (Fig. 7) 


Fig. 7. " a+tB+y+6=0, 
«—B-—a=0, 
pS B and this whether ascp be plane or 
é gauche. In any closed figure, there- 
fore, we have 
A a B 
a+ B = Y + } Se = 0, 
where a, B, y, 5, +++ , are the vector sides in order. 


11. Hxamples. 


1. The right lines joining the extremities of equal and parallel 


right lines are equal and parallel. 
Fig. 8. 
Let oa and sp (Fig. 8) be 


es the given lines, and oa = a, 
” BO.=|8, DA = vy. Thens, by, 
eee condition, BD =a. 

i D Now, 

BA=BO+0A=B-+a4; 
also, 

BA=BD+DA=a+y; 
or, equating the values of Ba, 

Bta=a+y. 


Hence (Art. 2), y=, and zo is parallel and equal to pa. 


2. The diagonals of a parallelogram bisect each other. 


In Fig. 8 we have 
BD = OA= OP+ PA; 
also 3 
BD=BP+PD; 


. OP+PA=BP+ PD. 
But, op and pp being in the same right line, 
OP = MPD. 


Similarly 
PA = NBP. 
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Hence 
MPD + 2BP = PD+ BP, 
menial 
and 
OP = /PD, BP == PA\ 


3. If two triangles, having two sides of the one proportional 
to two sides of the other, be joined at one angle so as to have 
their homologous sides parallel, the remaining sides shall be in a 
straight line. 


Let (Fig. 9) ap =/a, ani=="@. ~'Then} 2 Fig. 9. 


by condition, pbc = wa, DB = a8. 
6 
Now 


cB=CD+DB=a (8 —a). 


But 
BE = B —a. 


Hence (Art. 2), B being a common point, cp and BE are one 


and the same right line. 


4. If two right lines join the alternate extremities of two 
parallels, the line joining their centers is half the difference of 
the parallels. 


We have (Fig. 10) Fig. 10. fs 
AB=AD+DC-+ CB, 
and, also, Ba 


AB = AE + EF-+ FB. 


Adding 
2aB=(AD + AE) + (pC + EF) + (CB + FB) 


= EF — CD; 
or, as lines, 
AB = 4 (EF — CD). 
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5. The medials of a triangle meet in a point and trisect each 
other. 
Let (Fig. 11) Bo=a, co>=f. Then 
0C = a, DA = 6; ; 
Now 
BA=2a+2B=2(a+f8), 


and, since op = (a+), BA and op are 
parallel. 
Again 


BP ++ PA=BA=20D=2(0P+ PD). 


But pp and pp, as also op and Pa, lie in the same direction, 
and therefore - 
Be=2ZPp and PA—2ZO0PR: 
Hence the medials oa and pp trisect each other. 
Draw cp and ee. Then 


BP = 2pp=%Bp=3(2a+f), 
and 
cp = cB + BP= 4 (2a+ 8)— 2a=% (B—a), 


PE=PB+ BE=a-+ 6 — 3 (2a+) =} (B—a). 


Hence re and cpr are in the same straight line, or the medials 
meet in a point. 


6. In any quadrilateral, plane or gauche, the bisectors of 
opposite sides bisect each other. 


We will first find a value for op (Fig. 12) under the supposi- 
tion that pe is the middle point of 
GE. We shall then find a value for 
op, under the supposition that p is 
the middle point of ra. If these 
expressions prove to be identical, 
these middle points must coincide. 
In this, as in many other problems, 
the solution depends upon reaching 
the same point by different routes and comparing the results. 


GEOMETRIC ADDITION AND SUBTRACTION. 
Levoa= 6, OB =16, 00 = y. 


ist. oc + cG = OF + EG. 
But 


ca = }cB=4 (6 —y), 
which, in (a), gives 


y+4(B—y) =tat+ Ee. 
* ppP=4EG=}(y+f—a), 
op = 0E+ EP=$a+}(y+fh—a2) 


=4(a+f6+y). 
2d. FH —$AB=FO+ 0A, 
or 
FH—4(8—a)=—4y+a. 


5 rp =4Fru=i(a+PB—y), 
op = oF + FP=$y+4(a+6—y) 
=t(a+Ph+y)s 


a 


(a) 


(0) 


which is identical with (0). Hence, the middle points of rH 


and GE coincide. 


7. If ascp (Fig. 13) be any parallelogram, and op any line 
parallel to pc, and the indicated lines be drawn, then will MN 


be parallel to av. 
Fig. 13. 


Let AM=a, BM= B. D A 
Then % 
AO=T7a, y 
AD =sa+qB, 
op = —va+sa+ Qf. . N 
We have NM =NO-+ 0M=NP + PM, 
in which 


nNo=a(—7ra+sa+ £8), 
om=(1—7r) a, 
np =¥ (—7B + sa+ 98), 
pm =(1—7) B. 
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Substituting in the above equation, we obtain, by Art. 10, 


—ar+tas+1l—r=ys, 
eqg=—yrt+yqti—r. 


Eliminating y 


A 


ifs 


Substituting this value in 


NM = NO + OM 


=*—" (—1a+ sat 98) +(1—r)a 
fees: 

= —— (sa + 9) 
1l—r 

— AD. 


, 


Hence ap and nM are parallel. 


8. If, through any point in a parallelogram, lines be drawn 
parallel to the sides, the diagonals of two of the parallelograms 
so formed will intersect on the diagonal of the original parallelo- 
gram. 

Let (Hig. 14) 04 =a; op = G: 
Then on =ma, OF = nB. 

We have 


RD=RO+0E+ED=nB+ (1—m) a, 
ES =EO+0R+Rs =ma+ (1—n) B. 


Also 


FO = FR+RO=aRD + RO= 2 [nB+(1—m) a] — ma, (a) 
and - 


FO = FE+E0= yes + EO0=y [ma+(1—n) B]—7nB. (b) 
From (a) and (0) 


ne=y(1—n)—n and x (1—m)—m=ym. 


Eliminating y ie 
sees 


l1—m—n 
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Substituting this value of a in (a) 


my 
=; MLN (B +2), 
a FY OD, 


or, Fo and oc = (8+ a) are in the same straight line. 


9. If, in any triangle oaB (Fig. 15), a line op be drawn to 
the middle point of an, and be produced to any point, as ¥, and 
the sides of the triangle be produced to meet a¥ and Br in uw and 
R, then will ur be parallel to aB., 


Let oa =a, OB =f. Then or= 2a, 
OH = yf, AB= B —a. 


Now ) B I 
op oat fan = 4 (a+). 7 


Also, OF =z (a+), that is, some R 
multiple of op. 


Then, Ist. 
BR = pBF, 


— B+ % =p (—B+0F) 
=p[—B+2 (a+ 8)]; 


e2=pe and =-lSpz—p. (a) 
Eliminating z 
(P= Oar Ils 
And, 2d. 
AH = QAF, 


—a+yB=g (—a-+ OF) 
=q[—a+tz(a+8)]; 


. Y= Qe and —l=qgqz—q. (dD) 
Eliminating z 
q=ytl 
From (a) and (0) 
ye! 
idiomas) Oras sy 
Yee a8 
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and, since p=v+1 and gq=y+1, 


Fig. 15. Soy cand ps9. 
o. es H+. RH = RO + On = y8 — va = &(B —a) 


7 a 


& or, RH and aB are parallel. 
R 
10. If any line pr (Fig. 16) be drawn, cutting the two sides 
of any triangle asc, and be produced to meet the third side in Q, 


then 
TG) 6 TOY 5 NSS OIE GAG) 5 12s 


Let BP=a, COR= 6. Then pco= ‘pa, 
RA=7G and BA=BC+ CA = (1-4 p)a 
+(1+7) B. 

We have 


@ aq=ana=e[(1+p)at(. +7) 8], 


as also 
AQ=aR+RQ=—784+ yeR=—78+ y(p2+ B). 
-. (+p) =yp and 2(l— 7) = — 74-9. 

Eliminating 7 a= (1+ 2) pr; 
= ‘ : 

whence 
AQ BQ PC RA 
BA BA BP OR 

or 


PGeeLEO eRe == OR eA OlnEEs 


11. If triangles are equiangular, the sides about the equal 
angles are proportional. 


Let (Fig. 17) pc=o, cAa=f. Then BE= ma, EpD=7n6, 
BD=ma+nB and BA=a-+ B. 


Now 
BD = PBA, 


ma+ ne = 5 
Whence Piet aa) 


mM=p, n=p and m=n. 
Ps AD OINC SS Iie CAN, 
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12. If, through any point o (Fig. 17), within a triangle anc, 
lines be drawn parallel to the sides, then will 


Fig. 17. 


ED GF HI 2 
Cuma cE Ane 


betes ="8, cea. \Then Ane 
a— ~, ED= mf, HI=p (a— £) and 


GF = na. 


We have 
CO = CE + GO = CH —— HO. (a) 

Now, as lines, 

Gime GaN 

— = —_ = *. CG=CA — GA= (1— 7) BC. 

GB. OA : ( Me 

EB ED 

—=—=mM, .. GO=CE= CB — EB=(1—) a. 

CB CA 

DB DE 

= — .. HO=AD=AB—DB=(1—™M™) (a—B). 

AB AC ; ( )¢ B) 


Substituting in («) 


(l-n)B+A—m)a=p8+(1—m)(a— 8), 


or (Art. 10) n+t+m+ p= Me 


12. Complanar vectors are those which lie in, or parallel to, 
the same plane. If a, B, y are any vectors in space, they are 
complanar when equal vectors, drawn from a common origin, 
lie in the same plane. 

If a, B, y are complanar, but not parallel, a triangle can al- 
ways be constructed, having its sides parallel to and some mul- 
tiple of a, B, y, as aa, bB, cy. If we go round the sides of the 
triangle in order, we have 


ada +b8+cy=0. 


If a, B, y are not complanar, conceive a plane parallel to 
two of them, as a and 8. In this plane two lines may be drawn 
parallel to and some multiple of a and £, as aa and 08; and 
these two vectors may be represented by pd (Art. 3). 
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Now ps, being in the same plane with aa and 68, cannot 
therefore be equal to y, or to any multiple of it; pd and y can- 
not therefore (Art. 10) neutralize each other. Hence 


ps + cy = aa + bB + cy ‘cannot be zero. 
Tf, then, we have the relation 
aa + bB + cy = 0 


between non-parallel vectors, they are complanar; or, if a, B, y 
be not complanar, and the above relation be true, then, also, 


Cal. CSO, C20: 


13. Co-initial vectors are those which denote transference 
from the same point. 


(a). If three co-initial vectors are complanar, and give the 
relations 
; (a) aa+ oB+ecy=0) | (9) 
@)> ot t-pe= 0) 3) es 
they will terminate in a straight line. 
For, let oa =a (Fig. 15). on =6,op=y. Then pa=a—y, 
BA=a— £. 
From Equation (9), (0) 
(a+b+c)a=0, 
from which, subtracting (a) of Equation (9), 
b(a—fP)+e(a—y)=0, 
bpa + cba = 0; 
and, since these two vectors neutralize each other, and have a 
common point, they are on the same straight line. Hence, 
A, D and B are in the same straight line. 
(b). Conversely, if a, B, y are co-initial, complanar and ter- 
minate in the same straight line, and a, b, ¢ have such values 


as to render da + 6B '+ cy = 0, 


then will Geb te a1 0: 


For 
DA=a—y.and BA=a— 8, 
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But, by condition, 
— Bg = (a =) Y)> 


(l—2)a—B+ay=0, 


or 
in which 
(l1—#) —-1+2=0. 

14. Examples. 


1. The extremities of the adjacent sides of a parallelogram 
and the middle point of the diagonal between them lie in the same 
straight line. 


Fig. 18. 
bet Os. = 1a, 0B = 65, 0G = y. A D 
Then 
OD = OB + BD, 
2y —B—a=0. fo) oe 


But, also, ee eka 
hence, B, c and a are in the same straight line (Art. 13). 


2. If two triangles, anc and smn (Fig. 19), are so situated 
that lines joining corresponding angles meet in a point, as o, 
then the pairs of corresponding sides produced will meet in three 
points, P, Q, R, which lie in the same straight line. 


Fig. 19. 


hett 04 — o,, 08 == (6, OC= +. 
Then os = ma, om = nB, 
ON= py, BA=a— £, 
MS = ma — nB, 
BR = x (a — B) and 
MR= y (ma — nf). 


lst. BM = BR — MR, oe ake) P 
or 
nB—B=a (a—B) —y (ma— np), 
.n—-lo=—x#+yn, e—my=0. 
Eliminating y m (n —1) 


TES 
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Also 
m (n—1) — 
On = 08 4- BR= 6 + 2 (a — —) = — — 
whence n(m—1)B—m(n—l)a 
Oe m—n ; 
2d. CN = CP — NP, 
or 
py—y= (B—y)—¥ (B= py). 
6 (PS SO ae WU v—wn=0. 
Eliminating w n (p—1) 
Also A 
n(p—1) 
op =0c +cP=y+v (B—y)=y~— are (Bae 
maens p(n—1)y—n(p—1) 8 
oP = : 
n—p 
8d. In the same manner, we obtain 
m(p—l)a—p(m—1)y 
60 = : 


p—m 


(a-—B), 


(a) 


(0) 


(¢) 


From (a), (¥) and (¢) we observe that, clearing of fractions, 
and multiplying (@) by p —1, (0) by m —1, (ce) by n —1, and 
adding the three resulting equations, member by member, the 
collected coefficients of a, 8, y, in the second member of the 
final equation, are separately equal to zero. Hence the first 


member 


on (m—n) (p —1) + op (n— p) (m —1) + 0Q (p—m) (n—1)=0. 


But 


(m — n) (p —1) + (n—p) (m—1) + (p— m) (n—1) = 0. 


Hence, r, Pp and Q are in the same straight line. 
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3. Given the relation 
aa + b8 + cy= 0. 


Then a, 8, y are complanar; but, if co-initial (as they may 
be made to be, since a vector is not changed by motion parallel 
to itself, i.e. by translation 
without rotation), and a+ 
b + ¢ is not zero, they do 
not terminate in a straight 
line. Hence, if o is the ori- 
gin, and a, B, ©, their ter- 
minal points, A, B and co 
are not collinear. Let these 
points be joined, forming 
the triangle asc (Fig. 20), 
and OA, OB, 0c prolonged to 
meet the sides in a! zn! c! To find the relation between the 
segments of the sides, let 


Oh 10 = 00) OB = 6 = 98, 00 = y= 27, 
whence 


Substituting these in succession in the given relation, 


“a! + 0B + cy = 0, 
b 
aa. + aks cy = oS 


xb 
aa + 0B + <y'=0, 

‘I re to b llinear 

whence, since aj c, B are to be co ar, 


ot Bt ¢ = 0, 
x 
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and, for a like reason, 


at -+e=0, 
? 


atot+ ; e—. (Uh 
Whence 
(ean ae b eee 
ne b+e ate a+b 
and 
(eee a (aa (ee b = C 
mut Beery a pe y ato’ 
or, from the given relation, 
ae bB + cy fies cy + aa i. Ga OB 
ORD stone , ofa "in "eek One 
Whence 
b (a'— B) =¢ (y —a'), 
c (B'—y) =a (a — f'), 
a(y’—a) =b(B—Y'), 
and 
Bae cB! *¢ AC b 
Nol b= pase eG 1 BO Re eo 


or, multiplying, 
BA. OB! 4 AG c= AC eB Amen e By 
4. Ifo (Fig. 20) be any point, and asc any triangle, the 
transversals through o and the vertices divide the sides into seq- 
ments having the relation 
BA’. {ORs SACU y ==. A Craps hay o@. Bs 
Let alc =a, BC= aa, cB’= 8, ca=b8s Then. Ba=aa-+dp. 


Also let 


BO = BB} OA = yala, BC’= MBA, Co'= 200. 
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Then 
BO = @BB' = «(Bc + cB’) = a(aa+f), 
oA=ys'A=y(s'o+ca) =y(a+b3), 
BC'= MBA = m (da + OB), 
co'= 200, =2(cB+ BO) =z[—da+a(ada+f)]. 


From the triangle Boa we have 


BO + 0A + AaB=(O, 
x(da+ B)+y (a+ bB)—b8—ar=0. 
zaty—a=0, x+yb—b=0. 


Eliminating y ioe b(1—a) 
ines Be 2s 
From the triangle sco’ 
po+co’+c'n=0, 
da +2[—aa+e(aa+ B)]—m(aa+bB)=0, 


whence, as usual, and substituting the above value of 2, 


b(1—a) ho) 
eine Bae 
eS Farag cage tan area 
or 

Pe 

i. ae g, 


Substituting m, 6 and a, 


! t 


C AUB. Se CA: 
if. re oe 
BOM CL AB 


which is the required relation. 


5. If (Fig. 20) lines be 
drawn through a} B; cl and 
produced to meet the opposite 
sides of the triangle in P, Q, 
rR, then are P, Q and R col- 
linear. 


Hy) QUATERNIONS. 


With the notation of the last example, 


BC = MBA = ae (aa + dB). 


1st. From the triangle o'Ba' 
CN 6 BES BA 


=— A (a+ 0B) + (a1) a 


a+tb— 
a—1 
SS (OS Py, = 8) 
tpg lO— 2) a— 06] 
Also 
A’R= xo'a'= a'o + cR=a'c — yf, 
a—l 
b6—2)a—bB|=a— 
oO [@—2) a— 08] =a—98, 
pao 
eae 
and b 
BR = BC -+- oR = Qa — —— 
i Te gh 


2d. From the triangle c's! 


c's’=c’A + AB’ 


= (1—m) (aa + 08) + (1— 8) B 


= [aa —(a—2) B]. 
Also 
ace = «c's’= B/o-+ cg = B/c + Ya, 
eos 5 Uae Oe 2) Naas tac 
. Y= a 
; — 
and 
p= notcq= (ayaa, 
3d. A'p=~wa's'= 2 (a+ B), 
A'p= a'3 + BP =(1—a)a+y(aa+ dB), 


a—l 
ob: 


y= 
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and 


BP = yBA= : a (aa + dB). (c) 


Multiplying the second members of (a), (0), (c), by (a—1) 
(6 — 2), —(a— 2) (6 —1),(a@— 6) respectively, their sum is 
zero. Hence 


(a —1) (b — 2) BR— (a — 2) (6b —1) BQ+(a—}b) BP=0. 


But 
(a —1)(b—2)—(a— 2) (b—1) + (a—b)=0. 


Hence r, Q and P are collinear. 


6. If pc (Fig. 20) and vo be produced to meet aa! and Bo, 
then T and s are collinear with c! A similar proposition would 
obtain for Q and R. 

With the following notation, 


A SS ae Bal =p, BB'= aa + bB, 
we have 
BO=BA + AB/+ B/o= Ba'+ a/0, 


a+b8—(1—a)a+x(aa+b8)=B+y(a—f). 


also 


BP = BA'+ A‘P=BA-+ AP; 


B+z[aa+ (b—1)8]=a+wa, 


and 


’ BC=BA!/+ A/c=BA-+ AC, 


B+vB=a+u[(1—a)a— bd}, 
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Pe Ca 
1l—a 


Bei op 
1l—a 


bf 


Now to find gs, so’ and st, we have 


Ist. 


Fig. 20. 


BS = 2'BA'= BP + y’'PO, 
f b 
SS SS 
1—2b—a 
Db 
Bs = B 


Peo San 
2a: 


BC’ = v/'BA = BC + uco, 
a 
——————— 5 
2a+b6—1 


! aa 
BS Se 
2a+b-—1 
3d. BT = BA’+ a'T= BA'+ z'A‘O = BP + w'PC, 
a 

ie ae D 

a—b 

bB — aa 

Br = B 
b—a 


Clearing of fractions and adding 


(1— 2b—a) Bs +(2a+6—1) Bo'+ (6—a) Br=0, 
as also 


(1—2b—a)+(2a+b—1)+(b—a)=0. 
Hence s, c’ and 7 are collinear. 


15. A medial vector is one drawn from the origin of two co- 


initial vectors to the middle point of the line joining their 
extremities. 
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Thus (Fig. 21), if p is the middle point of az, op is a medial 
vector. To find an expression for it, let oa =a, op = 8, then 


OP = OA + AP=a-+ AP, 
oP = 0B + BP =f6 — aP, 
or, adding, 


eae MSN a RL Chae 


The signs in this expression will, of course, depend upon the 
original assumptions. Thus, if so =a, 


OP =—a-+ AP=f — AP, 


Kp e 
2 


16. An Angle-Bisector is a line which bisects an angle. 

To find an expression for an angle-bi- 
sector as a vector, let on =a (Fig. 21) 
and or = 8 be unit vectors along oa and 
os. Complete the rhombus oEpF. Since 
the diagonal of a rhombus bisects the 
angle, op is a multiple of op. Now op 
=a-+, hence 


IEAM Gc oN week ore Male al iat me P B 


Fig. 21. 


In this expression op is of any length and @ is indeterminate. 
If op is limited, as by the line as, then 


AP = «(a+ 8)— aa, 


AP = YAB= y(bB — aa), (a) 
“, &(a+ B)—aa=y(bB — aa), 
or 
x—-a=—ya and w=yb. 
Eliminating x 
y=—— 
Gano: 


Substituting in (a) 


a 
pe eee BEE rae ee se. eee, CLD 
atod () 
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17. Examples. 


1. If parallelograns, whose sides are parallel to two given 
lines, be described upon each of the sides of a triangle as diago- 
nals, the other diagonals will intersect in w point. 


Let asc (Fig. 22) be the given tri- 
angle. Let the diagonals B'r and a'p 
intersect in p, and suppose o£ to meet 
A'D in some point as P! 

Let oA =a, OB'= 6, whence oa’= 
ma, OB = nB. 


Now 
B'P — DP =a. (a) 
But 
B/'P = yB'Q = y >$ (BC+ B'B) (Art. 15) 


= ty [ma +(n—1) B]. 


And 


DP= 2DH = 2.4 (po + 04’) 


= 32 [(m—1)a—B]. 


Substituting in (a), we obtain, as usual, 


i bd 2 (1—n) 
1+ mn — n 
Again 
op'— ppr'=a+ fp. (b) 
But 


op'= 70G = @ . 4 (OA + OB) 
= 30 (a+ 76). 


Substituting in (b) this value of op! and pp’= vpH, we obtain 


as before, 
en) 


1+ mnra—n 


Or, vpbH =2zDH =pp'=pp. Hence, P and Pp’ coincide, and 
the three diagonals meet in a point. 


2. A triangle can always be constructed whose sides are equal 
and parallel to the medials of any triangle. 
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In Fig. 23 we have 
AA’= AB + BA'= AB + 4BC. 
BB'= BC + $04. 
cc'= CA + $B. 
>, AA'+ BB+ cc'= 8(aB + BC+cCA)=0. (Art. 10). 


3. The angle-bisectors of a triangle meet in a point. 


Let a, 8, y be unit vectors along Bc, 


Fig. 23, 
AC, AB (Fig. 23). GC 

Then (Art. 16) 

ApP=a(y+8), 

pe=y(a—y)- (a) 
Now 

BC = AC — AB, 

aa = 68 — cy (d) 


where a, b, ¢ are the lengths of the sides. 
Substituting a from (b) in (a) 


bB — cy 
BP = y Ewa 


We have also 


cp = Aap—ac=a (y+ 8)— Db, (c) 
bB — cy 
OP BP - 08. y ap + cy — 68. 
YC yD 
Weir ee Yicees hee ares 
Eliminating y eh 
atb+e 
Substituting in oa 
+B)—b 
ie (7+ B)— 5B 
eae mame et 2) 
ie b pea 
ie aa — af) 
=p (a+). 


Hence (Art. 16) cp is an angle-bisector. 
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18. The Mean Point of any polygon is that to which the 
vector is the mean of the vectors to the angles. 


Hence, to find the mean point, add the vectors to the angles 
and divide by the number of the angles. Thus, if 0), a9, ag .... 
be the vectors to the angles, the vector to the mean point is 


Ape isis win 08 a lye be (13), 
2 


where n is the number of the angles. 

The mean point of a polyedron is similarly defined. It co- 
incides in either case, as will appear later, with the center of 
gravity of a system of equal particles situated at the vertices 
of the polygon or polyedron. 


19. Examples. 


1. The mean point of a tetraedron is the mean point of the 
tetraedron formed by joining the mean points of the faces. 


Let (Fig. 24) oa=a, on =f, 0c = 
ig, 24. 
Bis a y. The vectors from o to the mean 
points of the faces are 


k(at+Bt+y), 
k(at+y), 
4(a+8), 

¥ ‘(y+ 8), 


and that to the mean point of the tetraedron formed by joining 
them is 


frets a+fB 


a+y +B 
which is the vector to the mean point of oasc. 
The same is true of the tetraedron formed by joining the mean 
points of the edges aB, Bc and CA with 0, since 


[pees aty 


52 |=1 +649. 


Tee 
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The above is, of course, independent of the origin, and would 
be true were o not taken at one of the vertices. 


2. The intersection of the bisectors of the sides of a quadri- 
lateral is the mean point. 


Let (Fig. 25) OA =a, OB = B, oc= Ys 
OD =.6,.0R =p... ‘Then Fig, 25. 


= 4(0F+ 0B) A B 
=1(d+prF+y+ Ce) 
=3[3+4(a—8)+7+3(B-»)] 
=}(a+PB+y+9). 


If o is at a, then oAa=a=0, and 
p=H(B+y+9). 


3. If the sides (in order) of a quadrilateral be divided propor- 
tionately, and a new quadrilateral formed by joining the points 
of division, then will both quadrilaterals have the same mean 
point. 

Let a, B, y, 5 be the vectors to the vertices of the given 
quadrilateral, from any initial point o. 

Then, for the vector to the mean point, we have 


#(a+fpt+y+9). 


If m be the given ratio, and a} £} y} 6’ the vectors to the ver- 
tices of the second quadrilateral, then 


a’=a+m(B—a)=(1—m)a+mB, 
pi=(1—m) B-+ my, 
y= (1—m) y+ md, 
J =a+(1—m) (d—a)=d—m(d—a) ; 
whence 
L(Bity+o'ta)=h(atB+y +9). 
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4. In any quadrilateral, plane or gauche, the middle point 
of the bisector of the diagonals is the mean point. 
Let (Fig) 26)'0a = «08 =~, oc 408 = 4... Then 
Hie 2 0Q9= 0A + AQ=4 (a+), 
and 


OP=0Q+3S=F(atP)+F(F0C— 0) 
=$(e+8)+24y—4(2+8) 
=4(a+B+y)- 


5. If the two opposite sides of a quadrilateral be divided pro- 
portionately, and the points of division joined, the mean points 
of the three quadrilaterals will lie in the same straight line. 

Let cf a’ (Fig. 27) be the points 
of division, and m the given ratio. 
Then, if 04 = 4, BO= -},° OA'= Ma, 
c'c= my, AB= £8 and 0 is the in- 
itial point, the vectors to the mean 
points Pp, P} P’’ are 


op = }(8a+28+y), 
a 
4 


op’ = $[(m+2)a+28+4+(2—m)y], 

op’ = i[(m+3)a+2 B+(1—™m) y]; : 
za et ( hye 

Oe) 


Therefore, Pp} P/ P are in the same straight line. 


20. Exercises. 


1. The diagonals of a parallelopiped bisect each other. 

2. In Fig. 58, show that pe and cn are parallel. 

3. If the adjacent sides of a quadrilateral be divided propor- 
tionately, the line joining the points of division is parallel to the 
diagonal joining their extremities. 
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4. The medial to the base of an isosceles triangle is an angle- 
bisector. 

d. If the diagonal of a parallelogram is an angle-bisector, the 
parallelogram is a rhombus. 

6. Any angle-bisector of a triangle divides the opposite side 
into segments proportional to the other two sides. 

7. The line joining the middle point of the side of any paral- 
lelogram with one of its opposite angles, and the diagonal which 
it intersects, trisect each other. 

8. If the middle points of the sides of any quadrilateral be 
joined in succession, the resulting figure will be a parallelogram 
with the same mean point. 

9. The intersections of the bisectors of the exterior angles 
of any triangle with the opposite sides are in the same straight 
line. 

10. If an be the common base of two triangles whose vertices 
are c and p, and lines be drawn from any point E of the base 
parallel to Ap and ac intersecting Bp and Bc in ¥F and «, then is 
FG parallel to pe. 


CHAPTER II. 


Multiplication and Division of Vectors, or Geometric Multipli- 


cation and Division. 


21. Elements of a Quaternion. 
The quotient of two vectors is called a Quaternion. 
We are now to see what is meant by the quotient of two 
vectors, and what are its elements. 
Let a and f' (Fig. 28) be two vec- 


is : tors drawn from 0 and o’' respectively . 
and not lying in the same plane; and 
4 . let their quotient be designated in the 
ee ach, 
ee Ee ees aN usual way by Bi 
\ > , ‘ ee 
\ Whatever their relative positions, we 
~—}—$ $$$ ° 
o! 37 B' may always conceive that one of these 


vectors, as 8} may be moved parallel 
to itself so that the point o’ shall move over the line 0’o to 0, 
The vectors will then lie in the same plane. Since neither the 
length or direction of 8’ has been changed during this parallel 
motion, we have 8 =f} and the quotient of any two vectors, a, 
8; will be the same as that of two equal co-initial vectors, as a 


and 8. We are then to determine the ratio =, in which a and 8 


lie in the same plane and have a common origin 0. 

Whatever the nature of this quotient, we are to regard it as 
some factor which operating on the divisor produces the dividend, 
i.e. causes 8 to coincide with a in direction and length, so that 
if this quotient be g, we shall have, by definition, 


g8B=a when 


Ca . ° ° ° e 14). 
= 2 qg (14) 
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If at the point 0’ we suppose a vector o’c=y to be drawn, 
not parallel to the plane aos, and that this vector be moved as 
before, so that 0’ falls at o, the plane which, after this motion, 
y will determine with a, will differ from the plane of a and £, so 
that if the quotient 


Gs ' 
1s 
y Y 


q and q' will differ because their planes differ. Hence we con- 
clude that the quotients g and gq’ cannot be the same if a, 8B and 
y are not parallel to one plane, and therefore that the position 
of the plane of a and 8 must enter into our conception of the 
quotient q. 

Again, if y be a vector o’c, parallel to the plane aos, but 
differing as a vector from 6) then when moved, as before, into 
the plane aos, it will make with a an angle other than Boa. 
Hence the angle between a and 8 must also enter into our con- 
ception of g. This is not only true as regards the magnitude of 
the angle, but also its direction. If, for example, y have such a 
direction that, when moved into the plane aos, it lies on the 
other side of a, so that aoc on the left of a is equal to aos, then 


. Qa « . 
the quotient g; of —, in operating on y to produce a must turn y 
: : : ul F 9 5. a 
in a direction opposite to that in which g = B turns 8 to produce 


a. Therefore g and g' will differ unless the angles between the 
vector dividend and divisor are in each the same, both as regards 
magnitude and direction of rotation. Of the two angles through 
which one vector may be turned so as to coincide with the other 
is meant the lesser, and it will therefore, generally, be < 180° 


Finally, if the lengths of @ and y differ, then ae q will still 


differ from * = gq! Therefore the ratio of the lengths of the vec- 
i 
tors must also enter into the conception of q. 


We have thus found the quotient q, regarded as an operator 
which changes £ into a, to depend upon the plane of the vectors, 
the angle between them and the ratio of their lengths. Since 


2 
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two angles are: requisite to fix a plane, it is evident that ¢ 
depends upon four elements, and performs tee distinct opera- 
tions: 
ist. A stretching (or shortening) of 8, so as to make it of 
the same length as @; 
2d. A turning of 8, so as to cause it to coincide with « in 
direction, 
the order of these two operations being a matter of indiffer- 
ence. 
Of the four elements, the turning operation depends upon 
three; two angles to fix the plane of rotation, and one angle to 
fix the amount of rotation in that 
Fig. 28. plane. The stretching operation de- 
u pends only upon the remaining one, 
70. v.e., upon the ratio of the vector 
lengths. As depending upon four 
ae elements we observe one reason for 
\ calling g a quaternion. The two ope- 
o—>77— rations of which g is the symbol being 
entirely independent of each other, a 
quaternion is a complex quantity, decomposable, as will be 
seen, into two factors, one of which stretches or shortens the 
vector divisor so that its length shall equal that of the vector 
dividend, and is a signless number called the Tensor ef the 
quaternion ; the other turns the vector divisor so that it shall 
coincide with the vector dividend, and is therefore called the 
Versor of the quaternion. These factors are symbolically repre- 
sented by Tq and Ug, read ‘* tensor of g” and ** versor of @.” 
and g may be written 
q—Tq . Ug: 


22. An equality between two quaternions may be defined di- 
rectly from the foregoing considerations. 

If the plane of a and 8 be moved parallel to itself: or if the 
angle aos (Fig. 28), remaining constant in magnitude and esti- 
mated in the same direction, be rotated about an axis through o 
perpendicular to the plane ; or the absolute lengths of a and 8 
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vary so that their ratio remains constant, g will remain the same. 


Hence if a af 
—— 9 and —=¢! 
B p' 


then will 


q=q 
when 


Ist. The vector lengths are in the same ratio, and 

2d. The vectors are in the same or parallel planes, and 

3d. The vectors make with each other the same angle both as 
to magnitude and direction. 

The plane of the vectors and the angle between them are 
called, respectively, the plane and angle of the quaternion, and 


. Q . . * ° 
the expression —, a geometric fraction or quotient. It is to be 


observed that g has been regarded as the operator on 8, produc- 
ing a. This must be constantly borne in mind, for it will sub- 
sequently appear that if we write g8 = a to express the operation 
by which g. converts @ into a, gB and £q will not in general be 
equal. 


23. Since g, in operating upon 6 to produce a, must not only 
turn 8 through a definite angle but also in a definite direction, 
some convention defining positive and negative rotation with 
reference to an axis is necessary. 

By positive rotation with reference to an axis is meant left- 
handed rotation when the direction of the axis is from the plane 
of rotation towards the eye of a person who stands on the axis . 
facing the plane of rotation. 

[If the direction of the axis is regarded as from the eye 
towards the plane of rotation, positive rotation is righthanded. 
Thus, in facing the dial of a watch, the motion of the hands is 
positive rotation relatively to an axis from the eye towards the 
dial. For an axis pointing from the dial to the eye, the motion 
of the hands is negative rotation. Or again, the rotation of the 
earth from west to east is negative relative to an axis from north 
to south, but positive relative to an axis from south to north. ] 

On the above assumption, if a person stand on the axis, fac- 
ing the positive direction of rotation, the positive direction of 
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the axis will always be from the place where he stands towards 
the left. 

If i, k, j (Fig. 81) be three axes at right angles to each other, 
with directions as indicated in the 
figure, then positive rotation is from 7@ 
to j, from j to k, and from k to 7, rela- 
tively to the axes k, 7, j respectively. 
A precisely opposite assumption would 
be equally proper. The above is in 
accordance with the usual method of 
estimating positive angles in ‘Trigo- 
nometry and Mechanics. 


Figs 31 (bis). 


24. Let oa and op (Fig. 29) be any 
two co-initial vectors whose lengths are a and 0, a and 8 being 
unit vectors along oA and og, so that 


OA = da, 

Fig, 29. oB = 0G. 

A B 
Let the angle aos between the 
¢ vectors be represented by ¢; also 
0 3 draw ap perpendicular to op, and 
yi bp let the unit vector along pa be 8. 
fe The tensor of op is_ evidently 


acos¢ and that of pa asing. If 
we assume that, as in Algebra, geometrical quotients which 
have a common divisor are added and subtracted by adding and 
subtracting the numerators over the common denominator, so 
that 


ES eye 
a= B00 eB 


OA=op+Da, 


then, since 


we have 
OAR ODT DAR OD NED 


OB OB OB OB 
_@ COO ET sing. 8 
pa MeN: bee 
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We have already defined (Art. 8) the quotient of two parallel 
vectors as a scalar, and in the first term of the parenthesis, @ 


being a unit vector, a7 1, and 
On  @ ; 8 
pee COS sing. —). a 
as a p+ sing ) 3 (a) 


The last term contains the quotient 5 of two unit vectors at 


right angles to each other. This quotiént is to be regarded, as 
before, as a factor which, operating on the divisor 8, produces 
5, z.e., turns # left-handed through an angle of 90°; and this 
quotient must designate the plane of rotation and the direction 
of rotation. If we define the effect of any unit vector, operating 
as a multiplier upon another at right angles to it, to be the turn- 
ing of the latter in a positive direction through an angle of 90° 
in a plane perpendicular to the operator, then the unit vector e, 
drawn from o perpendicular to the plane of 6 and f, and in the 
direction indicated in the figure, will be the factor which oper- 
ating on 8 produces 6, and 


«B= 6 or 3 


=e 

The unit vector ¢, as an axis, indicates the plane of rotation ; 
its direction determines the direction of rotation, and by defini- 
tion its rotating effect extends through an angle of 90°; as a 
quotient, therefore, it completely determines the operator which 
changes f into 6. Equation (a) thus becomes 


OPE (Gos. dt esingd), — 
oB OD ; 


or, if oA and op be themselves denoted by a and , and the ten- 
sors of a and 6 by Ta and TB, 


0 = gg (008 b+ sin 4) Mee (LON 


38 * QUATERNIONS. 


in which 7 is the tensor of qg, being the ratio of the vector 


lengths, and cos¢+e« sin ¢ is the versor of q, its plane, ceter- 
mined by the axis «, and angle ¢ being the plane and angle of 


the quaternion. 
. Ta 
When «a and £ are of the same length, or Te=TP, ia ; 
and the effect of g as a factor, or operator, is simply one of 
version. 
Like T, the symbol U is one of operation, indicating the oper- 
ation of taking the versor, so that 


Uqg= cos ¢+<« sin ¢. 


This operation takes into account but one of the two distinct 
acts which we have seen the quotient g must perform, as an 
agent converting 6 into a, namely, the act of version; it thus 
eliminates the quantitative element of length. In this respect it 

is similar to the reduction of a vec- 

eae A tor to its unit of length, an opera- 

tion which also eliminates this same 

n) element of length, and has been 
designated by the same symbol U. 

- > B When o« and £ are at right angles 

y, to each other, ¢ = 909 and the ver- 

sor cos¢-+esingd reduces to the 

unit vector «, which has been de- 

fined, as an operator, to be a versor turning a line at right 

angles to it through an angle 90° Any vector, therefore, as a, 

contains, in its unit vector in the same direction, a versor 

element or factor of which Ua is the symbol, U indicating the 

reduction of a to its unit of length or the taking of its versor 

factor. Hence the appellation versor of a (Art. 7). 

If in Equation (15) the vectors be reduced to the unit of 

length, 
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25. We may now express the relation 


ae Nea 


ria Tokar a sind) = q (Eq. 15) 
in the symbolic notation 
op? yo?) 
a Page PRS Gren ere tae), 
q=Tq.Uq ) 


and say that the quotient of two vectors is the product of a tensor 
and a versor; and that 

Ist. The tensor of the quotient, (as) is the ratio of their 
tensors ; ae 

2d. The versor of the quotient, (cos¢ +e sing), is the cosine 
of the contained angle plus the product of its sine and a unit 
vector, at right angles to their plane and such that the rotation. 
which causes the divisor to coincide in direction with the dividend 
shall be positive. 


26. If, for F = q, we write es q it is evident that q' differs 
a 


from q both in the act of tension and ver- 


sion; the tensor of g' being the reciprocal Bee j 

of the tensor of g, and the unit vector e, ae ao 
while still parallel to its former position, Pe wv 

is reversed in direction (Art. 23) since ie ‘ 

the direction of rotation is reversed (Fig. 3 
30). Hence 


B_*P (cos ¢ —« sin $) ost ot SORT 


a 


a 
positive direction of « is a matter of choice. It is only neces- 


c is called the reciprocal of EB As already remarked, the 


sary that if we have + « in Ue we must have — e« in GE ; or 


conversely. 
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27. Let i, j, & (Fig. 31) represent unit vectors at right angles 
to each other. The effect of any unit vector acting as a multi- 
plier upon another at right angles to it, 
ieee has been defined (Art. 24) to be the 
] turning of the latter in a positive direc- 
tion in a plane perpendicular to the ope- 
rator or multiplier through an angle of 
90° Thus, 7 operating on j produces k. 
This operation is called multiplica- 
tion, and the result the product, and is 
expressed as usual 


ee a ene abe sb EE. 


The quotient of two vectors being a factor which converts 
the divisor into the dividend, we have also 


eres Tak En ee 


either the product or quotient of two unit vectors at right angles to 
each other being a unit vector perpendicular to their plane. 
This multiplication is evidently not that of algebra; it is a 
_Tevolution, which for rectangular vectors extends through 90° 
Nor is & in Equation (18) a numerical product, nor 7 in Equa- 
tion (19) a numerical quotient. This kind of multiplication and 
division is called geometric. 
In accordance with the above definition we may write the fol- 
lowing equations : 


ii Se 
J 
jkai nad 
ki=j ana ee mee (20) 
fine ey 
i 
kj=—i ey 
ji J 
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k= —j a 
é —-k_, 
i(—j)=—k = 
( =u) 
t(—k)=j j=! 
Raye Iie 5 eR 0): 
—— il) 
LCaat se) 
ar! 
N>o)a-t seas 
IG) = a | 


Since the effect of 7, k, j as operators is to turn a line from one 
direction into another which differs from it by 905 they are 
called quadrantal versors. 


28. Since 
tx pet and) i Xk Spe 1, 
we have 
tXixXj=—1Xx), 
or 
1x0 Sls” 


We may denote the continued use of 7 as an operator by an 
exponent which indicates the number of times it is so used. 
This is consistent with the meaning of an exponent in algebraic 
notation. In both cases it denotes the number of times the 
operator is used, in one instance as a numerical factor, in the 
other as a versor. Thus 


Sat 3 
Wiles fatty ee ete 


In conformity to this notation the above equation becomes 


oD) 


Ugh Pav vie bee ee can (Lis 


49 QUATERNIONS. 


and in a similar manner, 
fal 
Ap ia SP Gee eh ete 


Hence the square of a unit vector is — 1. 

The meaning of the word ‘‘ square” is more general than that 
which it possesses in Algebra, as was that of the word ‘‘ product” 
in Art. 27. The propriety of this ex- 
tension of meaning lies in the fact that 
for certain special cases, the processes 
above defined reduce to the usual alge- 
braic processes to which these terms 
were originally restricted. The conclu- 
sion 7?=—1 is seen to follow directly 
from the definition, since if 7 operates 
twice in succession on either + j or +k, 
it turns the vector, in either case suc- 
cessively through two right angles, so 
that after the operation it points in the opposite direction. A 
similar reversal would have resulted if the minus sign had been 
written before the vector. Thus—(+j)=7 j. Hence i x i, 
or 7”, as an operator, has the effect of the minus sign in revers- 
ing the direction of a line. 


29. It is to be observed that so long as the cyclical order i, j, 
k, i, j, k, i, ... is maintained, the product of any two of these 
three vectors gives the third; thus 


Uf Mei seg 

and therefore 

(G)kakk== i= —1, 

Citi eat 

(ki)j= ff =fP=—-1; 
as also 

i 1k ex he 

iii)= f= 7=—1, 

KG) = kha ie =D, 


f 
Ir 
L 
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hence 
i(jk) = (ik, 
oj (U0) == ght) 7, 
Ch) == (Kt) y, 


which involves the Associative law. 
We may therefore omit the parentheses and write 


k= jki=kij=—-1. . . . . (28), 


- or, the continued product of three rectangular unit vectors is the 
same so long as the cyclical order is maintained. 


But 
Bi) = R= Bb) ee a ete a ES 


or, a change in the cyclical order reverses the sign of the product. 


30. In Equation (24) we have assumed that 
k(—k)=—kk. 


That this is the case appears from the fact that 7 operating on 
—j produces — k, or 
i(—j)=—k, 


and that the same result would be obtained by operating with ¢ 
on j, producing k, and then reversing k. That is, to turn the 
negative, or reverse, of a vector through a right angle, is the 
same as turning the vector through a right angle and then re- 
versing it. The negative sign is, therefore, commutative with i, 


j, kt, or 
Oop et met "oa Sine ge. = CBO) a 


31. It follows directly from the definition of multiplication, 


as applied to rectangular unit vectors, that the commutative prop- 
erty of algebraic factors does not hold good. For 


but 
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Hence, to change the order of the factors ts to reverse the sign 
of the product. The operator is always written first ; and, since 
the order cannot be changed without affecting the result, in 
reading such an expression as (j = k, this sequence of the factors 
must be indicated by saying ‘*¢ into j 
equals k” and not ‘7 multiplied, by j 
J equals hk,” the latter not being true. 

Hence also the conception of a quo- 


Fig. 31. 


tient as a factor requires a similar dis- 
tinction, which in Algebra is unneces- 


sary. In the latter, from —=a we 


SI]0 


have, indifferently, ab=c and ba=ce. 


k But from bhai while ij=& is true, 
J 
ji=k is not true. In expressing therefore the relations be- 


tween 7, 7 and & by multiplication instead of division, care must 
be taken to conform to the definition, the quotient being used 
as the multiplier or operator on the divisor. This non-com- 
mutative property of rectangular unit vectors, which results 
directly from the primary definition of the operation of multipli- 
cation, will be seen hereafter to extend to vectors in general 
and to quaternions, whose multiplication is not commutative 
except in special cases. 
The quotient then being a factor which operates on the divisor 
to produce the dividend, we have 
Bee ee on : 
jak, that is, = j= hk © 7 Me eee 
of 4 
the cancelling being performed by an upward right-handed stroke. 
Ak ‘ : : Bead 
Buty— =k is not true, for this would involve ji = //. 
I 
32. It follows also that the directions of rotation of a fraction, 


k : F . 
as ~, and its reciprocal are opposite. Thus 
J 


yh 5 SR 
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and therefore that the reciprocal of the quotient 7 is — 7, or 
igre ripe A) Reheat oe 


that is, the reciprocal of a wnit vector is the vector reversed. ‘This 
may be written 


Lee ae peak We eed oN 
u 


the exponent denoting that, as a factor or versor, i is used once, 
while the minus sign before the exponent indicates a reversal in 
the direction of rotation. 


33. If a be any unit vector, we obtain from the preceding 
Article 


eau) 
a 
——" ECR Panis it 
But 
fa 
hence 
LE Oe eee a a tak C0 
a a 


or, a unit vector and its reciprocal are commutative and their 
product plus unity. 
If a is not a unit vector, 
a= TaUa, 
ver. I 
’ a TaUa Ta 


Degh o5 5) eae 


the tensor of the reciprocal of a vector being the reciprocal of its 
tensor. A 
It must be carefully observed that a fraction, as —, cannot be 
( 
1 


written indifferently eh or —k, for this would involve ki-! = i-1k, 
D 


t 
which is not true. 
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By definition k(—?)=—/j, or ki t= i -—j= te Hence, 


U 
! or ki-. From the meaning Mee aie to the ordinary 
i i 


notation of algebra, ; 
j= ==—1 (a) 


would appear to be correct; for, cancelling, we have k=k. 


Whereas, since i yust be written ies we should have 
7 i 
iki [ = —tki]= kitil[=k] 
jil=—kJ=k, 
which is not true. Of course that equation (a) is false is 
directly evident from the fact that 


Fig. 31. I: 
—~= —/j, and (a) involves i (—j) =(—J)i 
i 


or 


or ij=ji. The above, however, shows 

that, as cancelling must be performed 

/ by an upward right-handed stroke 
si when the expression is in the form of 
i a quotient or fraction, so when ex- 
pressed in the form of multiplication, 

the cancelled factors must be adjacent. 

In such an expression as 


: ° = — — jie! Unies i) = =i (d) 


hoestea-t, | (c) 


since in either case the correct result is obtained. This arises, 
however, from the fact that both the fractions in the first mem- 
ber of (6) are equal to k, and therefore may be permuted so as 
—l jf =i é 
to read kk = eo —=-—1. The process of (c) is, how- 
4 i i 
J 
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ever, illegitimate, and the result is correct, not because the 
process is so, but because the factors are in this case commu- 
tative. 


34. Since the act of tension is independent of that of version, 
and their order is immaterial, 


ai. yj=ay.iaye. tiaezk jee | cetera 


where # and y are any two scalars and ay =z. Hence the com- 
mutative principle applies to tensors. If then a, 8, y are in the 
direction of 7, 7 and k respectively, and a, 0, ¢ are their tensors, 


ao8=TolB. y—dab.k, 
ay =TolTy . ik =— ac. j, etc., 


or, the product of any two rectangular vectors is the product of 
their tensors and a unit vector at right angles to their plane. 
So also 
a Nie eg Mee a 
= = ° _=—_ : k, 
Bae j AB" Fy 30 
Gu Nor oal — “Oh 


Se ee eee), OUC, 
y Ty-k ge j 


or, the quotient of two rectangular vectors is the quotient of their 
tensors times a unit vector at right angles to their plane. 


35. If, as above, a= at, then 


te (CU: OKO 
a? = a? i?, 


Go ie a ogee ea COON 


Hence, the square of any vector is minus the square of its tensor. 
Since Ta = a is the ratio of the lengths of a and Ua, the square 
of any vector is the square of the corresponding line, regarded as 
a length or distance only, with its sign changed. 

If at=a and i= B, 


af = abi? =—ab. 


48 QUATERNIONS. 


36. That the multiplication of rectangular vectors is a dis- 
tributive operation may be seen 


ese directly from Fig. 82 by ob- 
ee an ma serving that 
% as 
SZ sie i(j+k)=ij+ik (84), 
\ 2p ) 
Pi os i being perpendicular to and in 
‘ +a front of the plane of the paper. 


37. Exercises in the transformations of 7, j, h: 


1. j(—D=SK. 2. j(—k)= 
SB =9 at 4, k(—i)= 
d. —hk(jHt. . Ce) a = 
t= hes 8. (—j)(-k) = 
9. (-j)(-)= 10. (—7)(-/) = 
i, sek. 1) epee 
=== 22 d 
iy eae pent hes 
J k 
15. —J= (pes 
pals j 
ot} A 
ies eles 
i p 
(eee | Agee 
J i 
Pale ie 22h i ° oz 
ji ae 
poe ee CY oe FAR a 
upe eae 0 


25. Is it correct to write, in general, the product of any frac- 
, IPE ue hie 
fions, a3.— > -, in the form —? 
dl 
bax 7) 
ki 


26. State whether 


Q7. i272k? = — (Wk). 


is correct or not, and why. 


Se 
i 
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38. Resuming Equation (15), 


gata le 
‘B TB 


the quaternion g was shown (Art. 25) to be the product of a 


{cos @ + «sing) ; 


tensor and a versor. It may also be regarded as the sum of two 
parts, the first of which ae cos 6 is a scalar, whose sign is 
that of the cosine of the angle (#) between the vectors, while the 
second a sing. | is a vector at right angles to their plane, 


whose sign depends upon the direction of rotation of the fraction 


a . . . ° 
—. This may be expressed symbolically in the notation 


— a nee a a Or 
q B ; B ate A oa mS, ems (85) 5 
so that we have both 
q=TqU¢ 
and 
qg=S8q+ Vq. 


The second member of this last equation is read ‘‘ scalar of ¢ 
plus vector of g.” Sq and Vq being respectively symbols for the 
scalar and vector parts of the quaternion. As already explained 
in the case of the symbol 8, V is a symbol of operation, denoting 
the operation of taking the vector terms of the expression before 
which it is written. 

The quotient of two vectors is, therefore, the sum of a scalar 
and a vector. 

The scalar of the quotient | s7= ip cos ‘| is the ratio of the 


tensors times the cosine of the contained angle. The tensor of 
the vector part V4 = fe sin ‘| is the ratio of the tensors times 


the sine of the contained angle. The versor of the vector part 
[UVg =«] is a unit vector perpendicular to their plane, having a 
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direction such that the direction of rotation of the divisor is posi- 
tive or left-handed. uF 

Letting a and b be the tensors of a and £, and collecting the 
preceding expressions for facility of reference, we have 


\ 


a 

Tg=- | 

> 

Ug=cosd+esingd 
a 

Sg=- cos 

ia p 


W=; sind. « 


so tot Mats ote COON 
TVy=; sin r Ce 
UVy=« 
SUqg=cos ¢ 


VUqg=sing.e« 


TVUg=sin ¢ 


These expressions require no further explanation than that 
derived from a simple inspection of Equation (15) in connection 
with the meaning already assigned to T, U, $8 and V as symbols 

of operation. 


39. De Moivre’s Formula. 

The following considerations will explain why the parenthesis 
(cosP+esind) as a versor turns £ left-handed through an 
angle ¢. They also contain the quaternion interpretation of 
imaginary quantities. 

Let v= sin ¢ and z= cos ¢. 

Differentiating, 


dv=cos¢dd, dz=—sind dd, 
or 
dv = zd, (a) 
dz =— vdd. (bd) 
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Multiplying (@) by V—1, and adding the result to (b), 


dz+dv.V—1=(—v+zv—1) dd, 
or 
dz+dv.V—1=(vV—1+2)V—1 dg¢, 
whence 
d(¢+uv—1) eee: 
SS FSS eS ad. e Ay oe ke (4 
zZ+v Neat $ () 
which may be written 
zgtvV—1= eval, 
or 
cos? +sing .V—1= e& v=, (a) 
whence 
cosmo + sind « V—1= em v=1, (e) 


But we have from (d) 
(cosh + sind « V—1)™= emoval, Co 
and therefore, from (e) and (/), 
(cos + sin d.V—1)"=cosmd + sinmd «V—1 (37) ; 


which is the well-known formula of De Moivre. 

This formula may be made the basis of a system of analytical 
trigonometry. Thus, for example, to deduce the formulae for” 
the sine and cosine of the sum of two angles, we have from (cd) 


cos +sindéV—1=0' V', 


cos 6 + sind V—1= e’v-1. 
Multiplying member by member, 


cos ¢ cosé + cos¢ sind .V—1+ cosd sind. V—1— 
sing sind = e@tOv71. (9) 
But from De Moivre’s formula 


cos (6 + 6) + sin (bd + —)V—1= el tOVA1. (1) 
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Equating the first members of (g) and (/), since in any equa- 
tion between real and imaginary quantities these are separately 
equal in the two members, we have 


cos (6+ ¢) = cos@ cos f — sin @ sin ¢. 
sin (0+ ¢)=sin 6 cos¢ + cos@ sin ¢. 


These formulae, while they may be of course demonstrated 
independently of De Moivre’s formula, are here deduced from 
imaginary expressions. It would therefore appear that these 
expressions admit of a logical interpretation. 

If any positive quantity m be multiplied by W=17 the re- 
sult is—m. That is, in accordance with the geometrical inter- 
pretation of the minus sign, we may regard the above factor 
(\/—1)? as having turned the linear representative of m about 
the origin through an angle of 180° If, instead of multiplying 
m by (V—1)2, we multiply it by V—1, we may infer from 
analogy that the line m has been turned through an angle of 90? 
about the origin. If, too, we ob- 
serve that each of the four expres- 
sions 


Fig. 33. 


i. MON 1. Ce Sea eee 


is obtained from the preceding by 
multiplying by the factor V—1, they 
may be regarded as denoting in 
order a distance m on the co-ordi- 
nate’ axes OX, OY, OX," OY! 
(Fig. 33), V—1 being, as a factor, 
a versor turning a line left-handed through a quadrant. These 
expressions therefore locate a point on the axes, both as to dis- 
tance and direction from the origin. 


Since every imaginary expression can be reduced to the form 
tatov —1, we may, in accordance with the above interpre- 
tation of V—1, regard such an expression as defining the posi- 
tion of a point owt of the axes. Thus oa =a (Fig. 34) and 
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Ap =), laid off at a at right angles to oa since 0 is multiplied 
by V—1; so that in passing over 0A and ap in succession we 
reach the point Pp. It is also evident that such an expression 
implicitly fixes the position of pP by 
polar co-ordinates, since Va? + 0? = op 


b ‘ 
and tan Pos = —. In like manner 
al 


—b+avV—1 would locate a point P! 
oa’ having a length =a, but laid off 
perpendicular to oa, since V—1 is a 


factor, and a'pP’=—b. As before, 
‘we have implicitly op!= Va? +0? and 
; a 
tan POA = —-. 
b 


Furthermore, if we operate on the 
first expression, a + bV—1, which fixes the point pe, with 
28) eal we obtain the second, —b+a ay it or V—1 as a 
factor turns or through 90° so as to make it coincide with 
‘ As an operator, therefore, we may regard V—1, like /, j, 


OP! 
k, as a quadrantal versor, turning a line through a quadrant 
in a positive direction. Algebraically it denotes an impossible 
operation. (In Algebra quantities are laid off on the same 
line in two opposite directions, + and—. It was because quan- 
tities are so estimated only in Algebra that Sir W. Hamilton 
called it the Science of Pure Time, since time can be estimated 
only into the future or the past.) But it is unreal or imaginary 
only in an algebraic sense. If the restrictions imposed by Al- 
gebra are removed, by enlarging our idea of quantity and at the 
same time modifying the operations to which it is subjected, this 
imaginary character disappears. In applying the old nomen- 
clature to these new modifications, it will be seen that the prin- 
ciple of permanence is observed, 7.e., the new meaning of terms 
is an extension of the old; and when the new complex quantities 
reduce to those of Algebra, the new operations become identical 
with the old. 
If now we operate upon 


GON al, 
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which, if we regard a=oa (Fig. 35) and bV—I1= ap as 
vectors, is equivalent to op, with the 


Fig. 35. expression 
ee Ps cos¢+sing.V—1 
Fh ryal 
a of De Moivre’s formula, we obtain 


a cos¢—b sind +V—1 (a sing + 


b cos¢). 
; Draw OX'so that X'OX = ¢; also 
Bee Fae oR pa" and aL perpendicular and as par- 
a “a pa allel to OX! Then 
Iu 


exe a cos? — b sin 6 = or — a"L= 0a)’ 
asing+b cosP6=LaA+ sp=a''p. 


Make oa'= oa)! and lay off a'p'= ae perpendicular to OX, 
since it has V—1 as a factor; then 


a cos¢ — bsind +V—1(asind+b cosd) = 0a'+ a'p'= op! 
d p 


and p'or = ¢. 
But the formulae for passing from a set of rectangular axes 
OX, OY, to another rectangular set OX) OY% are 


x=w'cosp+ z'sing, 
y= y'cos d — 2'sin d, 


imwhieh X OX's='h, 0 =. 0A, Y= AP, ele ON a eA) on 


OA = OK + KA, 
AP = NP— A'k, 


A'® being perpendicular and aN parallel to OX. 

Hence the effect of the operator has been to turn op left- 
handed through an angle ¢, which is equivalent to turning the 
axes right-handed through the same angle.: 
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+1,—1 and \/—1 are particular cases of the general versor 
cosé+sing .V—l, 


namely, when ¢ is 0? 180° and 90° respectively, +1 preserv- 
ing, —l reversing and A semi-inverting the line operated 
upon. 

We may now see the meaning of De Moivre’s formula 


(cos +sing . V—1)"=cosmd +sinmd. V—1. 


As operators, the first member turns a line through an angle ¢ 
successively m times, while the second member turns it m times 
this angle once, producing the same result. The expressions 
cos¢+singd. V—1 and cos$+sing.e are identical, except 
that in the latter the plane of rotation is not indeterminate, 
being perpendicular to «, V—1 being any unit vector with in- 
determinate direction in space. 
Equation (37) may be put under the form 


cosm (27n + $)+sinm (27+ ¢). V-1= [cos (272 + $)+ 
sin (272 + >) - Jt 


In the second member if ¢ = 0 and m = 4, we have \/1 for all 
integral values of n, while the first member for n=0, n=1, 
m=2 becomes 1, —4+%2V—1, —4—~ZV-—1, the three 
roots of unity. 

In the same way for m=, 


1, 
44+2V-1, 
a eas aN aay 
6/> 2 2 ’ 
NN ay, 
EN Pang 
| 4—4iv=i, 


the six roots of unity. The real roots lie on the axis, along 
which direction is assumed plus and minus, while the imaginary 
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roots are vectors in a direction not that of the axis, and are the 
sum of two vectors, one of which is in the direction of the axis 
and the other perpendicular to it. 


40. Let a and B be unit vectors along oa and op (Fig. 36). 
Resolve 0A =a into the two vectors 
Fig. 36. op, DA. Then 


OA=a=0OD+DA. 
But 
op = cos¢ . B, 


pa=c«(sing. 8)=sind. B, 


« being a unit vector perpendicular to 
the plane aos, as in the figure. Hence 


a=cosd.6+sind. <B. (a) 


Now when o and £ are unit vectors, we have by definition 
. B=(cosd+csingd)B =a; or, comparing with (a), 


B 


(cos?+ecsing)B=cosd?.B+sind. B. 


The distributive law, therefore, applies to the multiplication 
of a vector by the scalar and vector parts of a quaternion; for 
if a and £ are not unit vectors, the tensors, as merely numerical 
factors, can be introduced without affecting the versor conclu- 
sion. Resolve @ into the vectors oc, or, cB being perpendicular 
to oa. Then 

OB = 6 = 0c + cB. 
But 
0C=COSP.a, CB=—c«(sing.a). 
Hence ° 
cos¢.a—singd.ca= BP, 


or, by the distributive principle, 


(cos?— sind. <)a=BP. 
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Using the two members of this equation as multipliers on the 
corresponding members of («) 


(cos@—sind.«)aa=B(cosd. B+sin¢g. <f), 


: 9 
or, since ao = —1, 


— Cosd-esin p= Qa. nie. (38)e 


If a and £ are not unit vectors, 


fa=TBTa(—cosP+esing?) . . . (89). 


Operating with each member of (a) on B, 


af = (cos¢.B+sind. B)B 
=cos¢. B+ sing « «6 
== COS > €610D (2 ne) Sena 


or, if a and £ are not unit vectors, 
of = TeTB(—cosd¢—esing) . . . (41). 


The product of any two vectors is, therefore, a quaternion, 
which, as before, may be regarded either as the sum of a,scalar 
and a vector or the product of a tensor and a versor. In gen- 
eral notation 

a8 =SaB+VoS=Sq+Vq... . (42), 
Pate Ores hel, von ian is) Me wre oy (Sas 


The scalar of the product [Sa8 = — TaN cos $] is the product 
of the tensors and the cosine of the supplement of the contained 
angle. 

The vector of the product [Va8 = —TaTB sind. «| has for its 
tensor [TVaB= TaTf sin | the product of the tensors and the 
sine of the contained angle, and for a versor [UVa8=—e«] a 
unit vector at right angles to their plane such that rotation about 
it as an axis is positive or left-handed. 


58 QUATERNIONS. 


Representing the tensors of a and B by a and 6, we have, as 
in Art. 38, from Equation (41), 


Tg =ab } 
Uq =—cos¢ —esing 
Sq =— abcos¢ 
Vq =— absing -« 
Uae = fee 
q= € 
SUq =—cos¢ 
VUg =—sin¢d-e« 
TVUg =sing 


(TV: S)g=—tand 


41. Resuming the expressions for the products and quotients 
of a and £, 


Ba = TBTa (— cos¢+esing), (a) 
af = TaTB (— cos¢ — esingd), (db) 
E _ 7? (cos —esing), (c) 


=a (cos d+ «sing), (d) 
we observe 


Ist. That if a and £ be interchanged the sign of the vector 
part is changed. It is equivalent to a reversal of the angle 4, 
and consequently a change in the direction of rotation. Hence 


UVa = «=—UVafB 
: (45). 


UY. =e] uve 
a a 


Vector multiplication is not therefore in general commutative. 


2d. Ifthe vectors are unit vectors, 


Rye a3 = — 


Bes 46), 
B (46) 
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the product being expressed also by a quotient. This is of 
course always possible, as appears from (a), (0), (¢) and (d), 
and the transformation may be effected thus: 


B= FU _ =P (cos — esin ). [Eq. (81) ] 


— Ba = TST (cosd — esing) ; 
or 


Ba = T6Ta (— cosp+ esing). 


3d. If ¢6=0, then in either (a4) and (0) or (c) and (d) 
the vector part of g becomes zero, and the quaternion de- 
grades to a scalar. When ¢=0 the vectors are parallel, and 


af = — TaTB =—ab, as in Art. 35; also [= aes & aerin 
B TB 6 
Art. 8. If at the same time «a and @ are unit vectors “2° —1 
Qa 
for= as =—a =1]| andaB=« =—1, as in Arts. 33 andi23; 
If then q be any quaternion and Vqg = 0, the vectors of which q 
tis the quotient or product are parallel. 


4th. If ¢=90) then in either (a) and (0) or (c) and (d) 
the scalar part of g becomes zero, and the quaternion degrades 
to a vector; and either the product or quotient of two rectangu- 
lar vectors is therefore a vector at right angles to their plane, 


af reducing to — abe and = to 58 as in Art. 34. If at the 


same time a and f are unit vectors, a8 =—« and < =e, asain 
Art. 27. B 

Tf then q be any quaternion and Sq = 0, the vectors of which q¢ 
is the quotient or product are perpendicular to each other. 


5th. If an equation involves scalars and vectors, the vector 
terms having been so reduced as to contain no scalar parts, then 
since the scalar terms are purely numerical and independent of 
the others, the sums of the scalars and vectors in each member 
are separately equal. Thus if 


a+ da+bB=d+y+ala+(b'—b")B 


then ~ (40)5 
e=d+y and daa+b8=a'a+(b'—b")B 
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which might also be written (Art. 38) 


S(w+aa+bB)=S[d+y+a'a+ (b'— b")B], 
V(a+aa+b8)=Vidt+yta'a+(b'— b")p]. 


6th. & being the quotient which operates on a to produce f, 
a 
we have by definition 
: Bao 2) we eee oe 
a 


7th. TVa, or ab sing, is the area of a parallelogram whose 
sides are equal in length to w and b and parallel to a and B. 
Sof, or —abcosd@, is numerically the area of a parallelogram 
whose sides are a and 0b, and angle ab is the complement of ¢. 


8th. Since the scalar symbol S indicates the operation of 
taking the scalar terms, 
Sa = OE as woe sa, et at eee 
and, for a similar reason, 
We Oso. ae 3 eee ane 


Again, since a? is a scalar, 


VQ) 00 eee 
S (a) == Geos oe. 5 ee 


V(a’) may be written V. a’, as also S(a”?) =S. a”, but these forms 
must be distinguished from (Va)? and (Sa)*®, which latter are 
also sometimes written Va and S’a. 


Ith. Comparing (a) and (0), 


Saf = She. 4. 1 ne ee aye 


VaGi2s'—V 8a. “sien ele eae 


and 


Adding and subtracting (w) and (0b), we have also 


a8 + Ba 2 Sa >. Ws cor ade a 
af — Ba = 2 Vaf8 5 
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10th. a8 . Ba = (SaB + Va) (Sa8 —Va8) [Eqs. (53) and (54)] 
= (Sa8)’— SaBVa8 + SaBVaB — (Va)?. 


Ge weas(SaG)?— (Vee). at 6 (Dae 
or, from Equation (44), 
abr Gap— (LUG) e078 -e ke OO)e 


Hence 


42. Powers of Vectors. 


The symbol i”, m being a positive whole number, has been 
seen (Art. 28) to represent a quadrantal versor used m times 
as an operator; the exponent denoting the number of times 7 is 
used as a quadrantal versor. By an extension of this meaning 
of the exponent, / ™ would naturally represent a versor which, 


1 
as a factor, produces the men part of a quadrantal rotation. 


Thus 7? produces a rotation through one-third, and 7? through 
three-fifths of a quadrant, respectively. With the additional 
meaning attached to the negative exponent (Art. 32), as indi- 
cating a reversal in the direction of rotation, we may in general 


define “, where 7 is any vector-unit and ¢ any scalar exponent, | 


as the representative of a versor which would cause any right 
line in a plane perpendicular to i to revolve in that plane through 
an angle t x 903 the direction of rotation depending upon the 
sign of ¢. Hence every such power of a unit vector is a versor, 
and, conversely, every versor may be represented as such a 
power. 2 2p 

Since the angle (¢) of the versor is ¢ xX =, we have os est 
and any versor ‘ 


cosp@+csingd 
may be expressed om 
COND -PESI d= 'E™ 5 4 me ss (OU) s 
and ‘ 
2p - 
cose — enn Pa en 1 (60), 


the vector base being the unit vector about which rotation takes 
place, and the exponent the fractional part of a quadrant through 
which rotation occurs. 
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The operation of which i? is the agent is one-half that of 
which 7 is the agent, and therefore two operations with the 
former is equivalent to one with the latter; or, as in Algebra, 


1 


PP ata tv is wl © oe tole 


or, employing the other versor form, if a, 8, y are complanar unit 
vectors so that 


a 5 29 
Ga Pee ne ae 
Bp 20 
BER CEI aI 


then since 


we have 
(cos @ + esin ¢) (cos @ + esin§@) = cos ¢cosé + sing sin 6 + 
«(sind cos 6 + cos dsin@) 
= cos (+ #@)+ cesin(¢d+@). 


The second member is the U:, its angle being (¢+6), and 


may be therefore expressed as the power of a unit vector, and 
I ; 


; 2(@ + 9) : : 
written €~ 7 ; this exponent is the sum of the exponents of 


the factors, or 


26 20 2(p +9) 
E%e Ci = Cadi ne. se eins eet (62). 


This is evidently an abridged form of notation to which the 
algebraic law of indices is applicable. 

Since <= —1 and therefore <“=1; if é=—1, ¢ must be an 
odd multiple of 2, and if ¢=-+1,¢ must be an even multiple 
of 2. 


; : ¢ tages 
In either case the coefficient of 7 in ¢= au is a whole num- 


ber, and cos ¢+e sind degrades, as above, to the scalar +1, 
since sin m7 = 0 when m is an integer. 
If é=+c, ¢ must, be an odd number; in which case also 
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m=i, 8, 5, etc., cosmmr=0 and the versor degrades to the 
vector +e. 

If the vector is not a unit vector, as ai =p, to interpret the 
exponent, say p2, so as to satisfy the formula 


Ppa fra eee aeons 


which is analogous to Equation (61), we must combine with the 
conception of rotation through half a quadrant an act of tension 
represented by the square root of the tensor of p. Thus, if 
«x =16, and we write 


p'= (161)? = 16°, 
then 
p'p' =(16°2*) (167i*) = 16i=p, 
or, ifa= V8, 


p=vs. j= 2. 5 
piotpt = (V2. 74) (V2. t8) (V2. 1) = V8. t=. 


ool 


And, in general, 
[i ad (CUD eS OSG Dee hme oN ete orl LOLI) 


or the tensor of the power is the power of the tensor, and the 
versor of the power is the power of the versor. Symbolically 


Pega LON es cnet op eedegs Ase GOONS 
Ure =26Up) seen se a oe we COO 


Any such power (p‘), as the representative of the agent of 
both an act of tension and version, is therefore a quaternion, 
whose tensor and versor can be assigned by the aboye rules, and, 
conversely, every quaternion can be expressed us the power of a 
vector, which quaternion may degrade to either a scalar or a 
vector as seen in the preceding versor conclusions. Hence it 
follows that the index-law of Algebra is applicable to the powers 
of a quaternion. 
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43. Relation between the Vector and Cartesian deter- 
mination of a point. 


If i,j, h are three unit vectors perpendicular to each other at 
a common point, then the vector from this point to any point P 


may be written 
(Se OED Se we to ao (Oe) 


in which a, y, 2 are the Cartesian co-ordinates of p. If the vec- 
tors are not mutually perpendicular and are represented by a, £, 
y, then 

Pte -HYe AAey, nas ee a EGS), 


in which a, vy, z are the Cartesian co-ordinates of p referred to 
the oblique axes. So long as the vectors a, 8, y are not com- 
planar, p refers to any point in space. 

Since any quaternion g may be expressed as the sum of a sca- 
lar and a vector, if w be any scalar, then 


G=w+twatyB+e2y. 3s. «*. (69). 


As composed of four terms, we observe an additional reason 
for calling this complex expression a quaternion. 
Any vector equation 


p=o=da+ 06+ cy; 


involves three numerical equations, as 


ihe US Oe ane 


unless the vectors are complanar; in which case we may write 


y=na+mB, 
and 
p=(x@+ezn)a+t(y+zm)B, 
o=(a+en)a+(b+em)B, 


which, for p=, involves but two equations 


t+ten=aten, ytem=b+ecm. 
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Resuming the quadrinomial, form of gy, when the component 
vectors are at right angles, we have 


q= wait yt ck | 
Sq = w eee Cw Ones 
Va=2i+yj+2k | 


Since (TVq)? = — (Vq)?=2? +7? +27, we have 
TVg = Vert y+? 


UV¢ = Vg _ ett yt 2k ee er ec 
TVG Ver + ye) 


Also, since (Art. 41, 10th.) 


(Tq)? = (Sq)? — (Vq)? = w? + a? + y? + 2?, 


Tg=Vwiter py +e 
Gg wwii yj ak 


v= : = 
q Tq Vw pe typPee 
sug — 84 ces w alrern Ch) 
To Ve pe py +e 
YB ee ee 


Tg Nw +oe?+y4+2 | 


44. The plane of a quaternion has been already defined as the 
plane of the vectors or a plane parallel to them. The -axis of 
a quaternion is the vector perpendicular to. its plane, and its 
angle is that included between two co-initial vectors parallel to 
those of the quaternion. If this angle is 907 the quaternion is 
called a Right Quaternion. Any two quaternions having a 
common plane, or parallel planes, are said to be Complanar. 
If their planes intersect, they are Diplanar. If the planes of 
several quaternions intersect in, or are parallel to, a common 
line, they are said to be Collinear. It follows that the axes of 
collinear quaternions are complanar, being perpendicular to the 
common line. Complanar quaternions are always collinear, and 
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complanar axes correspond to collinear quaternions, but the lat- 
ter may of course be diplanar. 


Let oe 
o'B 
may be made to have a common plane; and, if diplanar, their 
' planes will intersect. In the former case let O£ be any line of 
their common plane, or, in the latter, the line of intersection 
of their planes. Now, without changing the ratios of their vec- 
tor lengths, the planes, or the angles of the given quaternions, 
two lines, or and og, may always be found, one in each plane, 
or in their common plane, such that with o£ we shall have 


oc Hl 
and —— be any two quaternions. If complanar, they 
o"'D 


o'A OF OU Oe” 
—=— and —=—; 
o'B OE o"D OE 


and, therefore, any two quaternions, considered as geometric 
fractions, can be reduced to a common denominator; or, in the 
above case ‘ 

© OF 0G OF {> 0G 
DY OF On. Sor 


Moreover, a line on, in the plane 4o'B, may always be found 
such that 


and therefore 
od. o'A 0G 0 06 


ORD Orb: OE OH ou’ 


and 
oA , Ol'o OF 0G OF OE_ OF 


= ° = 


o'B° op” OF ° OF OF OG OG 


45. Reciprocal of a Quaternion. 


The reciprocal of a scalar is another scalar with the same 
sign, so that, as in Algebra, if x be any scalar, its reciprocal is 
gol = 1 

x 
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The reciprocal of a vector has been defined (Art. 33), so that, 
: 1 1 
if a be any vector, — = a7'=— — Ua. 
i a Ta 
The reciprocal of a quaternion has also been defined (Art. 


26); thus 


being any quaternion, 


is its reciprocal. The only difference between the quotients 


* and B (Fig. 37) is that, as opera- 
a 


Fig. 37. 


tors, one causes £ to coincide with a, 
while the other causes a to coincide 
with 8. A quaternion and its recipro- 
eal have, therefore, a common plane 
and equal angles as to magnitude, 
but opposite in direction; that is, 
their axes are opposite. Or 


Vis Lapa and axis 1 =— axis q. 
q q 


B B and B 


the product of two reciprocal quaternions is equal to positive 
unity, and each is equal to the quotient of unity by the other ; 
: 1 1 
we have, therefore, as in Algebra, -g=1 and g=-, and no 
ie 
new symbol is necessary for the reciprocal. q is, however, 
sometimes written Rg, R being a general symbol of. operation, 
namely, that of taking the reciprocal. . It follows from the above 
that 
er 


2 Ean hoe aah ee EET C75 


q Tq 
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or, the tensors of reciprocal quaternions are reciprocals of each 
other ; while the versors differ only in the Tevelses of the angle. 
If then 


ao To 
q=-= — (cos p+ sin ¢) : 
pi pees 
we shall have es Whey 
Ry mgt = Ea (cosg — sing) 


46. Conjugate of a Quaternion. 


If B' (Fig. 87) be taken complanar with 8 and a, and making 
with a the same angle that 6 does, 
Fig. 37. TC’ being also equal to Tf, then, if 


ate ds <= is called the conjugate of 


g, and is written Kg. The symbol K 
indicates the operation of taking the 
conjugate. A quaternion and its con- 
jugate have, tlterefore, a common 
plane and tensor, as also, in the ordi- 
nary sense, equal angles; but their axes are opposite ; or 


q 
TKq = Ty = = Cas 
q 
uo axis Kg = — axis g = axis— a 
If then 
ee cos sin 
q 7 an o + «sin $) 


we shall have 


po 
= hg= 75 (cos @ — esin¢) 


ie Sikes CU ONS 
e 

J 

or, the tensors of conjugate quaternions are equal, and the versors 


differ only in the reversal of the angle. 
' Regarding a scalar and a vector as the limits of a quaternion 
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(Art. 41, 3d and 4th), we see from Equation (76) that the con- 
jugate of a scalar ts the scalar itself, and that 


Ko — oS Tao i er. Cae 


or, the conjugate of a vector is the vector reversed. ‘In general 
notation we may write 
q=S8¢+V¢, 


whence it follows from the above that 


? 


or (Art. 43) 


Kg = S¢ —Vq¢ 
(78), 


Kg = w — wi — yj— zk 


that is, the scalar of the conjugate of a quaternion is the scalar 
of the quaternion, and the vector of the conjugate of a quaternion 
is the vector of the quaternion reversed ; a result which may be 
expressed symbolically 
as ora ; Toe as ning RO aONE 
VKqo =—Vq 


These are Equations (53) and (54). 
If we add and subtract the two conjugate quaternions 


qgq=Sq+Vq, Ky=S8q—Vq, 


we have 
acy esreaals Ses kas 


The sum of two conjugate quaternions is, therefore, always a 
scalar, positive or negative as the Zq is acute or obtuse. If 


Vad Weer: 5 this sum is evidently zero. 


Since, if g is a scalar, Kg = q, then, conversely, if Kg=q, ¢ 
is a scalar. 
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47. Opposite Quaternions. 
If, for =, we write aut (Fig. 37), the latter is called the 


Opposite of qg, and is evidently — q, for 


As appears from the figure, opposite quaternions have a com- 
mon plane and tensor, supplementary angles and opposite axes ; 
or 

T(—qg) =Ty, Z-—q=7-—Zgq and axis (—q) =— axis q. 


Since —a,a _a—a 


the sum of two opposite quaternions is zero, or 


Fig. 37. q+(—q)=0. 


Also, since 


or, their quotient is negative unity. 


If then 


I= = gy cose tsi 6) | 


we shall have (81). 
— = pg (7 os sing) | 


Kg=—q; and, conversely, if Kg=—gq, q is a 
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48. Since Ugq is independent of the vector lengths, and only 
dependent upon relative direction, versors are equal whose axes 
and angles are the same. Hence 


UKg=ul. (82). 
Y 
But (Art. 24) 
uli: 2\=pe— U1, Ue 
B ana Up 
1 
* U-=— 
and, Equation (82), 
UKg =. 
Ug 


Again, since the conjugate of a versor is the same as the re- 
ciprocal of that versor, we have, from Equations (82) and (83), 


WRG MUG) i fe, ee eae 


49. Representation of Versors by spherical ares. 
If a, 2, y, are co-initial unit vectors, their extremities will 


. t . Ae Q . 
all lie on the surface of a unit sphere (Fig. 38). B being any 
a 
quaternion, U B turns 6 from the position 
pe Fig. 38. 
os to oA, and this versor may be repre- C 


sented by the arc BA joining the vector B/ 
extremities ; for this arc determines the 
plane of the versor as also the magnitude 
and direction of its angle, the direction 
of rotation being indicated by the order ~ 
of the letters as in the case of vectors. 
This representation of versors by vector 
ares is of importance in the theorems re- 
lating to the multiplication and division of quaternions, and 
may be made upon a unit sphere ; for, if a, B, y, ++ are not unit 
vectors, the quaternions will differ from the versors by a nu- 
merical factor only, the introduction of which cannot affect the 
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versor conclusions. Disregarding, then, the tensors, since ver- 
sors are equal whose planes are parallel and angles equal (in- 
cluding direction), equal ares on the 
same great circle and estimated in the 
same direction represent equal versors, 
for any arc may be slid over the great 
circle on which it lies without change of 
length or reversal of direction. On this 
plan B'a = aB will represent the recipro- 
cal or conjugate of Ba, and a quadrantal 
versor would have for its representative 
BC, an are of 90° Also, the versors of 
all complanar quaternions will be repre- 
sented by arcs of the same great circle, while arcs of different 
great circles will represent the versors of diplanar quaternions, 
which are always unequal. 

If m, w and Pp are the vertices of a spherical triangle, the vector 
arcs MN, NP and pm will represent versors, and it will be seen 
that by taking the geometric sum of two of these arcs in a cer- 
tain order, the remaining are will represent the versor of their 
product; so that if g' be represented by pm and g by nr, g'¢ may 
be constructed by a process of spherical addition represented by 
PM + NP = NM, NM representing the versor g'¢; but that because 
q'¢ and qq' are not generally equal, this process of spherical ad- 
dition, as representing versor multiplication, is not commutative 
as was that of vector addition, pm + NP and np + pm representing 
diplanar versors. 


50. Addition and Subtraction of Quaternions. 


Since a quaternion is the sum of a scalar and a vector, in 
finding the sum or difference of several quaternions the sum or 
difference of their scalar and vector parts may be taken sepa- 
rately. The former will be a scalar and the latter a vector; 
consequently, the sum or difference of several quaternions is a 
quaternion. 
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1. Both the associative and commutative principles being 
applicable to the summation of scalars, as also to that of vectors 
(Arts. 4, 5), they also hold good for the addition and subtrac- 
tion of quaternions ; or 


qt+r=r+q 
and (85). 
qt(rts)=(G+r) +8 
If then 
g=S8q+Vq 
r=Sr+Vr 
b} 
SHgtrftees = 8s -+Ys; 
in which 
Ss=S(q+trfpeu+ y= Sq +8r + ea0t6o ; 
Vs=V(q+rfer y=H=Vat Vr tee ; 


and, in general, 


Siq = =S8¢ i 
Bt Wap fea RCE 
V4 = =Vq (88), 


or, in quaternion addition and subtraction, S and V are distribu- 
tive symbols. 


2. Ifgt+tr+p+---.=s, then, Equation (78), 
Kg+ Kr + Kp +::--- = S8q+ Sr+ Sp + SAIC —Vq—Vr—Vp — AOGECO 
— 8s —Ys = Ks. 


Be) ONG REN LIES 1A Ue apap mnie end GoW) 5 
K, like S and V, being a distributive symbol. 
3. Again, since the conjugate of a scalar is the scalar itself, 


KSq = Sq. 
But Sg=SKqg. Hence 


S99 SEOs we 2 OO) 
Also, since the conjugate of a vector is the vector reversed, 


KV¢g =—Vq. 
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But — V¢=VKqg. Hence 
KV Gg == Vg = VR os 1 eo oe 
hence K ds commutative with S and Y. 


4. Since any two quaternions may be 
reduced to a common denominator (Art. 


Cy 44), 50 that 


Fig. 38, 


] 
Cg heise) 
ae 
and since 
|B To'+- Ty’ = T(a'+ y') 


unless a! = ay’ and «> 0, it follows that 
To Tg T+) 


unless g=aq' and«>0. Hence, in general, T>q is not equal 
to 3T¢g. Moreover, since UX¢ is a function of the tensors under 
the = sign, while =Uq is independent of the tensors, USq is not 
equal to 2Uqg. ‘This also appears from the representation of ver- 
sors by spherical arcs (Fig. 38). Hence, in the addition and 
subtraction of quaternions, T and U are not, in general, dis- 
tributive symbols. 


51. Multiplication of Quaternions. 


ie Let 
x qgq=Sq+Vq, r=Sr+Vr 


be any two quaternions. Then 
p=qr=S8g8r + SqVr + SrVq +VeVr. 


The last member, being the sum of a scalar and a vector, is a 
quaternion. Hence, the product of two quaternions is a quater- 


nion, and 
p=Sp+Vp= Sqr +Voqr, 
in which 
Sgr SoS SeVQvr! 4.0. et Ro(O0)}; 
and 
Vor = SqVr-F Sr¥@-P Vis VoVr 2.) Fa (O1), 
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If we multiply ¢ by 7, we obtain 
Srq =SrSq +8. VrVq, 
Vrq =SrVq + SqVr +V. VrVq. 
But, Equation (53), 
| §.VrVg=S8 . Vqvr. 
be SLO BOOT Sycte la. STi aig od Lona eae 
But, Equation (54), 
V.VgVr =—V.Vrvq, 


and therefore the products gr and rq are not equal. Hence, 
quaternion: multiplication is not in general commutative. If, 
however, g and r are complanar, Vg and Vr are parallel, and 
V.VqV¥r =0; in which case gr=rg. Conversely, if gr=rq, ¢ 
and 7 are complanar. 

Since Reciprocal, Conjugate and Opposite quaternions are 
complanar, they are commutative, or 


qq = Ky . ¢ 

ae 14 =4¢'=9"'4 (93) 

ay ata : 
q(-)=-9 J 


2. It has been shown (Art. 44) that any two quaternions 


q, g; can be reduced to the forms B and 2 having a common 


a a 
denominator, or to the forms x and ¥. Hence 
a 
Bohs bee, Ug esis 
CPT) Aly a) Sem 6: 


We have then 


Geen veo ayes bye Co oy 2 Te 

4 pt V_ YY, Pong: 1% 

q 6 TB Ta’ TR Ta’ T d | (94) 

! U " 
ul v2 Uy a ° Ua Uy ° ee ue : Ug | 
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In a similar manner 


vatlY.*enY— TY, Mag. ty) 
ng = | S|etenan 1S ee 
L (95). 

U(y'g) = Us = Uy'ty | 


Hence the tensor of the product (or quotient) of any two qua- 
ternions is the product (or quotient) of their tensors, and the ver- 
sor of the product (or quotient) is the product (or quotient) of 
their versors. 

In fact, tensors being commutative, we have, in general, 


YOON MPT se oo oe oo 4 (96) 5 
lg=Tilg . Ullg=IITq . Ug, 
oS MUULG excELU Qi) at a Site eye. aole Sateen 


3. The multiplication and division of tensors being purely 
arithmetical operations, we proceed to the corresponding opera- 
tions on the versors. It has been shown (Art. 44) that any 
two versors 4, yg, may be reduced to the forms 


OB Pe OC : 

Gee ge oe (Fig. 89), 
Ch ON Bo oz 

A, B, C, being the vertices of a spherical triangle on a unit 

sphere. ‘Then 


If we represent the versors g' and q by the vector arcs x20’ 
and AB, then the versor es the product of g'q, will be repre- 
a ' 
sented by the are ac’; moreover if q'=" represent any divi- 
dend and g = : any divisor, then 
' 


gikryl a y' OCs 


’ 


Go MB Banos 
the versor of the product q'q being 


Bc! + aB= Ac’, 
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tw 
and the versor of the quotient e 
Y 


ac'— aB = po!: 


and, as in the addition and subtraction of quaternions, the pro- 
cess consisted in an algebraic addition and subtraction of scalars 
but a geometric addition and subtrac- 
tion of vectors, so the multiplication 
and division of quaternions is reduced 
to the corresponding arithmetical ope- 
rations on the tensors and the geome- 
trical multiplication and division of 
the versors, the latter being con- 
structed by means of representative 
ares and the rules of spherical addition and subtraction. 


4. The representation of a versor by the arc of a great circle 
on a unit sphere illustrates the non-commutative character of 
quaternion multiplication. For, as and sa’ (Fig. 39) being equal 
ares on the same great circle, as versors 


AB = BA’, 
and similarly 
CB = BC’. 
Now if 
Bie Bary 
=S— and T=- >] 
2 its og far i 
then 
eyed eke and Pie Lies 
Bey Ba ao 


the versors gr and 7g being represented by the ares ca’ and ac! 


respectively. These ares, though equal in length, are not in the 
‘same plane, and therefore the versors rg and qr are not equal. 
Constructing these versors, by spherical addition we should have 


ai ce Peal 
BC +AB= AC, 
AB + BC’ = BA’ + CB = Ca’, 


a change in the order giving unequal results. 
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Hence, unless ac’ and ca’ lie on the same great circle, in 
which case g and 7 are complanar, quaternion multiplication is 
not commutative. 


5. Other results, hereafter to be obtained symbolically, may 
be readily proved by means of spherical arcs, as follows : 

If az (Fig. 39) represents the versor of g = am A'B = BA repre- 
sents the versor of Kq or ae The spherical sum of aB + Ba 


q 
being zero, the effect of the versors in the products qKq and eu 
q 


is to annul each other. Hence, if the vectors are not unit 


vectors, gkq = Kq .q=(Tq)’ . a5. ata kiekh te (98), 
ep 
q-=-g=1. 
OG 


, Again, from 
AB+B0C'= 0a’, 


we have 


a! 


OU SS 9 
yi 
and the versor of K (qr) will therefore be represented by a'c. 


But 
A'c=BC+4'B, 
whence 
(On) cr Ring. = es een) 


or, the conjugate of the product of two quaternions is the product 
of their conjugates in inverted order. 


6. The product or quotient of complanar quaternions is readily 
derived from the foregoing explanation of versor products and 
quotients as dependent upon a geometric composition of rota- 
tions. For, disregarding the tensors, the vector arcs which 
represent the versors, since the latter are complanar, will lie on 


the same great circle, and the processes which for diplanar ver- 
' 


3 5 a 
sors were geometric now become algebraic. Thus for ta 


_B 
and g=-> | 8 ! 
a qV= 19 = 


I 


ee sate: 


Brae 
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and, Fig. 39, 
BA’ -- AB = AB-+ BA’ = Al; 


' 
a 

also tory! = and/q'= B 
a a 


OPS SP ene a a 
Gus wae a IB Bt 
and 

BA-++ AA’= BA. 


The product or quotient of any two complanar quaternions is 
therefore obtained by multiplying or 
dividing their tensors and adding or Fig. 39. 
subtracting their angles. Thus 


py=Tp. T¢[cos(6+6)+ 
<sin (d+) ]. 
hi p— 0 


¢ =(Tq)’ (cos 2 + csin2¢), 


or, generally, 
g"=(Tg)"(cosnd+esinnd) . . . (100), 


whence result the following general formulae, 


T(q") =(T¢)" 
Ug) =(Ug)" | 
Co a Tena eee AL) 
TVU(g") =sinnZq 


which are all involved in Art. 42. 


52. 1. Distributive and Associative Laws in Vector 
and Quaternion Multiplication. 


Having assumed (Art. 24) 


a 


— y) 


a 


R1@ 


Yo Bary 
a 


80 QUATERNIONS. 


whence 


Bom + yo =(B+y) o, 


since a is any vector, we have 


Bat ya=(B+y)a. («) 

Taking the conjugate of (6+ y)a, 
K[(B + y)o]= KoK(8 + y) [Kq. 99] 
= Ka(K6 + Ky) : [ Eq. 87] 


Taking the conjugate of (Ba+ ya), 
K(Ba + ya) = KBa + Kya = KaKf + KaKy. 
Ka(K8+ Ky) = KaK@ + KaKy, 
a! (B'+ y!) =alp'+ aly, (0) 


Hence, from (a) and (0), the multiplication of vectors is a 
doubly distributive operation, and 


Hence 


or 


(B+y)(a+8)=fa+ya+B+yd.. (102). 


t 
2. Let 2% be any quaternion and a any vector; also B a 


vector along the line of intersection of a plane perpendicular to 


A 


a with the plane of g. Then another vector, 6, may be found in 
the latter plane, such that q==, 5 ) is having the same angle, plane 
and axis as g . Also let y be a ae in the intersecting plane, 


such that =o. If now a be any scalar, 


wrone(et pia (B49) 
_B+y B_wWt+y 


BB or SS 
Beit) Ree 
SiS 7 ae aas 


= aq + aq. 
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Taking the conjugates as above, 


g'(a'+a')=q'a'+ q'at 
Hence, in general, 


(a +4) (a'+a') = aa'+ aa!+ a'a + aa!; (c) 


or regarding a, a, and a, a’ each as the sum of two. scalars and 
two vectors respectively, 


(@,+ ay + a, + ay) (a, + a +a, +a) = 
(a, + de) (a; + a's) + (a+ aly) (a’; +a!) + (a; + 4'9) 
(a1 + a) + (a + a2) (a4 + ay) = 
(a + a) (a+ a1) + (ay + ay) (ap + a'g) + (dg + ag) 
(ay a't) + (de+az) (a'p+a's), 


since, from (c), the factors in the expression preceding the last 
are distributive. Putting for the parentheses, which are sums 
of a scalar and a vector, the quaternion symbols p, g, r and s, 
we have 

(p+q)(r+s)=pr+ps+qr+qs . . (103), 
or, the multiplication of quaternions is a doubly distributive 
operation. 


3. Assuming any three quaternions under the quadrinomial 
form, Article 43, 7, k, j being unit vectors along three mutually 
rectangular axes, we have 


g=w +ai +yj +2k, (c) 
paw +ali ty!) +2'k, (db) 
s= w+ ality +2"k. (¢) 


Multiplying first (¢) by (6) and the result by (a), and then 
(6) by (a) and (c) by this result, observing the order of the fac- 
tors, it will be found that the scalar and vector parts of these 
two products are respectively equal, and therefore 


ORS) zee VS | toca te # te) (LOANS 


or, the associative law is true in the multiplication of quaternions. 
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53. 1. Ifa and.f be any two vectors, then 
(a+ B)(a+f)=(4+8)’ =a + (a8 + Ba) + &, 
whence, Equation (55), or, comparing Equations (39), (41) 


and (80), Gaby = at Po sepa ee oe l0a)s 


2. Similarly 
(a—B) (a—B)=(a—f)? =e? — (a8 + Ba) + 6 
(a—f)?=e7?—28oB+6? . . . (106). 


or 


3. From Equation (57), or by multiplying g=S¢+Vq by 
Kg =Sq—V : 

Wi) + ae. ease a): 
hence, from Equation (98), the equalities 


af « Ba = qKq = (SaB)’— (VaS)*=(Tg)* . (107). 


54. Applications. 


1. In any right-angled triangle, the square on the hypothenuse 
is equal to the sum of the squares on the sides. 
Let the sides, as vectors, be repre- 
popes sented by a and £ (Fig. 40), and the 
hypothenuse by y. Then 


B y=at BZ. 
oe | Squaring, Equation (105), 


aa. 
sal + 2808 +f’, 
yf =o + B, 


ONGPAT 4 1A: 


or, as lengths simply, changing signs [Equation (33) ], 
BA? = BC? -+ ca?. 


2. In any right-angled triangle, the medial to the hypothenuse 
is one-half the hypothenuse. 
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In Fig. 40, for the medial vector cp = 8, we have (Art. 15) 


or 


\ Squaring, and since Sa = 0, 


4.6? = & +a’, 
or 
okt Wie cA?+CB? __ AB? | 
4 4.” 
AB 
OM eee 
2 


8. If the diagonals of a EE UT are at right angles to 
each other, it is a rhombus. 

Let the vector sides be represented by a and BB. Thena+f 
and a — 8 are the vector diagonals. 


By condition 
S(a+8)(a—f8)=0. [Art. 41, 4] 


But, Equation (53), 
S(a + 8) (a—B)=a' — B=, 


which is true only when Ta =, that is when the sides are 
equal. 

4, The figure formed by joining the middle points of the sides 
of a square is itself a square. 

Let so and ca (Fig. 40) be the sides of a square, Pp and Q 
their middle points, and o the middle point of the side opposite 
Be. Then, with the same notation, 


PQ=3(a+f), Qo=z(h—a); 
. S(PQ . Qo) = 0, 
or PQ and Qo are at right angles. 


5. In any triangle, the square of a side opposite an acute 
angle is equal to the sum of the squares of the other sides, less 
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twice the product of the base and the line between the acute angle 
and the foot of a perpendicular from the angle opposite the base. 


Fig. 41. Letica = 8, cB =o, Be = 7 (Higs4)): 
Then 
Baty; 
o= a’ + 2Say +’. 
Now 
2Say = — 2TaTy cos (180 — B)= 
2accosB. 
Hence 
—@=— @?—c+2accoss =—a’?— c+ 2ad, 


or z 
P=v7+ 2 — 2dd. 


If xz is a right angle, Say =0, and, as in Example 1, 
e=a?+c. 


What does this theorem become for a side opposite an obtuse 
angle ? 


6. In any plane triangle, to find a side in terms of the other 
two sides and their opposite angles. 
In Fig. 41, 
[hatte 


[on a’ + ya. 


Multiplying into a 


Taking the scalars (Art. 41, 5), 


Sa = — a’ + Sya, 
or 
— ba cosc = — a? — ca cos (180°—B) ; 
- G@=b cosc+c coss. 


The above operation with a is indicated by saying simply, 
‘* operating with x S.a,” meaning that a is first introduced and 
then the scalars taken. The position of the sign x will indicate 
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howaisused. If used as a multiplier, we should write, ‘‘ oper- 
ating with S.axX.” 


7. The sines of the angles, in any plane triangle, are propor- 
tional to the opposite sides. 
In Fig. 41 
B=aty. 
Operating with x V. a, that is, as explained in the preceding 
example, multiplying into a and taking the vectors (Art. 41, 5), 


VBa=V(aty)a=V.a? +Vya. 


But V. a?=0; hence 
VBa=Vya, 
ba sinc = ca sinB, 
or 
SintCersininys CuO. 


Notice that Va and Vya involve a unit vector at right angles 
to their plane, and that, owing to the order of the vector factors, 
« has the same sign in both members of the equality, and may 
therefore be cancelled. The period in VY. a’ may evidently be 
omitted, as in V8a; it will be used hereafter only to avoid am- 
biguity. Thus Kgr means the conjugate of gr; but Kg. ris r 
multiplied by the conjugate of q. 


8. In a right-angled triangle, to find the sine and cosine of the 
acute angles. 


Let aB=y, AC=£, BC =a (Fig. 42). Fig. 42. 
Then B 
Bp=yta, 
whence : , 
gee a 
fee 
BB 
, eh 
Taking the scalars, since § aa 0, A : c 


b 
COSA, OF COSA =~: 
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Taking the vectors 


Noeerevede 
eee 
Cc 


: Gar 
—sina —— sinc=0; 
b b 


; a 
Gh Sac 


> 


In this example UV =— UY Me 
| oo. 0G B 


9. To find the sine and cosine of the sum of two angles. 
Let a, B, y be complanar unit vectors (Fig. 43), and ¢ a unit 
vector perpendicular to their plane. We have 


Fig. 43. in which 


= cos(¢ + 0) + «sin(¢ +4), 


I 


cosd+csind, 


8X1 @D Ble gir 


= cosé+esiné. 


Hence 


cos(p + 6) + sin(d + 6) = (cos d + «sin f) (cos + « sing) 
= cos¢ cosé + «(sing cosé + cos¢ sing) + sing sin d. 


Equating the scalar and vector parts in succession, there re- 
sults, since ?=—1, 


cos(¢ + 6) = cos¢ cosé — sin ¢ sing, 
sin(¢+6)=sin ¢ cosd + cos ¢ sind. 


10. To find the sine and cosine of the difference of two angles. 
Let the angle between y and a (Fig. 43) be y. Then 


pees, 


Qa 
yo aay’ 
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in which 


= cos(W — 6) — esin(y — 6), 


= cosé + «sing, 


e 
2 
B 
* = cosy — esiny, 


and, as in the preceding example, 


cos(y — 6) = cos@ cosw + sin sin yw, 
sin (W — 0) = cos6@ sin w — siné cosy. 


11. If a straight line intersect two other straight lines so as to 
make the alternate angles equal, the two lines are parallel. 

Let a and y (Fig. 44) be unit vectors along aB and cp, and 
8 aunit vector along ac. Then 


af = — cosé + «sind, 
By =— cosé — «sind; 


a — By =2Vaf, 


and therefore, Equation (56), y= a. 
If a= sp} then 


whence 


af = cosé — «sind, 
By =— cosé — esin#, 
afb — By = 28a ; 
y= a. [Eq. (55) ] 


12. If a parallelogram be described on the diagonals of any 
parallelogram, the area of the former is twice that of the 
latter. 

Let a and £ represent the sides as vectors ; then the diagonals 
are a+ 8 and a—#, and 


V(a +f) (a — 8) =V(Ba — a8) = 2 Va, 


since Va? =VB”=0 and —Va8 = Va. 
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But, from the order of the factors, 
UV(a + B) (a— f) =UVfa, 
TV(a +f) (a—B)=2TYVBa, 


which is the proposition (Art. 41, 7). 


hence 


13. Parallelograms on the same base and between the same 


parallels are equal. 
We have (Fig. 45) 


= 7 ue = BE = BA+ AE 
= BA+ 2BC. 


Operating with V. Bc x 


@ ¥ (Bc . BE)=V(BC. BA), 
since Varc? = 0. 


B 


Hence 
BC . BE SINEBC = BC . BA SIN ABC, 


which is also true when the bases are equal, but not co-incident. 


14. If, from any point in the plane of a parallelogram, per- 
pendiculars are let fall on the diag- 
onal and the two sides that contain 
it, the product of the diagonal and 
its perpendicular is equal to the 
sum, or difference, of the products 
of the sides and their respective per- 
pendiculars, as the point lies with- 
out or within the parallelogram. 


Fig. 46. 


Let 0a =a, 0B = £8, oP = p*(Fig. 46). 


Then 
Vap + VBp =V(a+ f)p. 
But 
UVap = UVBp= UV(a+ B)p. 
Hence 


TVap + TVBp = TV(a+ B)p. 
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For p' = or’, we have 


UVap'= — UVBp'= + UV(a + B)p’; 
*. TVap'— TVBp'= TV(a+B)p: 


15. If, on any two sides of a triangle, as ac, aB (Fig. 47), 
any two exterior parallelograms, as ACFG, ADEB, be constructed, 
and the sides ED, GF, produced to meet in u, then will the sum of 
the areas of the parallclograms be equal to that whose sides are 
equal and parallel to cp and AH. 

Let AE=a, AB=~f, ac=y 
and ac=6. Then 


AH = AE+ EH 
=a— xp. 


Operating with xV. 8 


Vian. 8)=Vaf. (a) 


We have also 
AH = AG + GH 
=d—yy. 
Operating with x V. y 
V(4H . y) = Voy. (0) 


Hence, from (a) and (6), 


Van (8 — y) =VaB — Voy, 
V(4n . CB) = Va8 — Voy =VaB +Vy6. 


These vectors have a common versor ; whence the proposition. 
If one of the parallelograms, as Ap’, be interior, then arn/= — a 
and an'=—a—x#8=65+ yy, and 


V(au'. @)=— Va, 
V(au'. y) = Voy; 
Vau'(8 — y) =—Va8 —Voy =VBa — Voy. 
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But in this case 
UV(an’. cB) = — UVBa = — UV6y, 


and the area of the parallelogram on An’, cB, is the area of ar 
. t 
minus the area of ap. 


16. To find the angle between the diagonals of a parallelogram. 
het: AmB — a (Pie 45), 


Fig. 48. and BA = cb = B, d and d' being 
" a p the tensors of the diagonals. 
Then 


a AC . DBB=—(a— 8) (a+ 8) 
B c = — a" — (af — Ba) + f° 


=—a’—2VaB + fp’. 


Taking the scalars 
cospoc . dd'= a? — Bb’. 
Taking the vectors 


sinpoc . dd'= 2absin@, 


since UV(ac . pB) = — UVaf. 


2ab sind 
.. tanpoc = — tang = —___.. 
$ a — bv 
17. The sum of the squares on the diagonals of a parallelo- 
gram equals the sum of the squares on the sides. 
In Fig. 48 
BD? = (a+ £)?= a? + 2808 +P’, 
ca®?=(B—2)?=f?—280B4+ 0; 
. CA? + BD? = 2a? + 2 B’,' 
or 
BD? + ca? = BA? + Ap? + po? -+ op’. 


18. The sum of the squares of the diagonals of any quadri- 
lateral is twice the sum of the squares of the lines joining the 
middle points of the opposite sides. 
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* Let aB=ao, ap=£, pc=y (Fig. 49). For the squares of 
the diagonals, we have 


Fig. 49. 


(B+y)'+(B—<)* : 


E 
y 

and for the bisecting lines G a Sa 

[2B+y—3(B+y—2) +[B+3y—3e]?. ve mee ca 


Whence the proposition readily follows. 


19. The sum of the squares of the sides of any quadrilateral 
exceeds the sum of the squares on the diagonals by four times the 
square of the line joining the middle points of the diagonals. 

Pepe AB =a)" AG — 98, -AD = 7 
(Fig. 50). The squares of the Fig. 50. 
sides as vectors are 


oa 2) Pe) sk 
or 


2(a? + BP +7) — 2SBa — 28y8. 


The squares of the diagonals are 
B of (y a a) % 


BP+y +a — 28ya. 


or 


The former sum exceeds the latter by 
a’ + BP+y- 28Ba — 28yB+ 2Sya, 


(2-B+y)’, 


which may be put under the form 


“CP 


or by 
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But a 10, and — Basa. Substituting these values, 


we obtain 
4(so+ 8a)’, or 4807, 


which is also true of the vector lengths. 


20. In any quadrilateral, if the lines joining the middle points 
of opposite sides are at right angles, the diagonals are equal. 
With the notation of Fig. 49, we have 


FE. GU =[3(y —a) + B]e(e +7). 
But, by condition, 


S(fE . GH)= 


= 

a SBy , SBa 

ec = 0. 
4 a 2 a 2 


(y+ 8)?=(B—a)', 


AC’ = BD’, 


Whence 


or 
AC =BD. 


Fig. 51. 21. In any quadrilateral prism, the 
sum of the squares of the edges exceeds 
the sum of the squares of the diagonals 
by eight times the square of the line 
joining the points of intersection no the 
two pairs of diagonals. 

Let oa= a, OB =f, 0C=y, oOp=6 

- (Fig. 51). For the sum of the 
squares of the edges we have 


2[o' + 6’ +(8—a)?+2/+(3—B)"], 
2[2o2 + 28? 4+ 27? 4+ 28 — 283a — 2838]. (a) 


or 


The sum of the squares of the diagonals is 
(7 +8)? +(y— 8 + (y+ —f)' +(y +B 0)’, 
2(7 + B?+°+4+2y — 2808). (dD) 


or 
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The vectors to the intersections of the diagonals are 
2(6+y) and d(y+a+ 8), 
and the vector joining these points is 
2(a+B—8s). 
Squaring and multiplying by eight, we have 
2[a? + 8? + 0 + 28aB — 28ad — 2863], 

which added to (6) gives (a). 

22. In any tetraedron, if two pairs of opposite edges are at 


right angles, respectively, the third pair will be at right angles. 
Leto, =e, op = 8, 0c = ¥ (Fig. 52). 


The conditions give E as he 
Sa(B—y)=0, 
SB(a—y)=0. 
Subtracting the first of these equa- 
tions from the second oO B 
Sy (a — B) = 0, 
A 


which is the proposition. 


23. To find the relations between the edges, angles and plane 
areas of a tetraedron. 
With the notation of Fig. 52, we have 


CA + CB=(a—y)(B—y), 
or 

CA . cB = a8 —ay—yB+y’. (a) 

Representing the tensors of cA and cp by m and n, and taking 
the scalars of (a), 
S(ca . cB) = SaB — Say — SyB+ y’, 
whence 
¢ — ac cos A0c — be cos BOC = mn COS ACB — Ub COS AOB, 
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which is the relation between the edges and their included 
angles. 
Taking the vectors of (a), and squaring, 


[V(ca . cs) ]? = (VaB)? —VaBVay — VoBVyB —VayVoB (d) 
+ (Vay)? + VayVyB —VyBVaB +VyBVay + (VyB)*. J 


— (VaBVyB +VyBVaB)=—28.VoBVyB (Kq. 55) 
= 2TVaBTVy6 coss, 


But 


in which B is the angle between the planes aos, BOC. 
Also 
— (VaBVay +VayVaB) =— 28 . VaBVay = 2TVaBTVay cosa, 


and 


VayVyB + VyBVay = 28 . VayVyB = — 2 TVayTVyB cos (180°— c) 
= 2TVayTVyB cosc, 
Fig. 52. 
c in which a, B and c are the angles 
opposite the edges Bc, Ac and AB re- 
spectively. Hence (b) becomes 


—[TV(ca.ce) }?=—(TVaB)’?— (TVay)? 
O B = (TVyBy 
+ 2TVaBTVay cosa+ 2TVaBTVy6 coss 


A + 2TVayTVyf cosc. 


But (Art. 41, 7th) 


TV(ca . CB) = 2area ACB, 
and similarly for the others. Hence, dividing by —4, 


(area ABC)’= (area Aos)” + (area aoc)” + (area Boc)? — 
2 area AOB area AOC COs A —2 area AOB area BOC COs B — 
2area aoc areaBOc cosc, 


which is the relation between the plane faces and their included 
angles. 
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If the angles are right angles, then 


(area ABC) = (area AoB)? + (area Aoc)? + (area BoC)”. 


24. To inscribe a circle in a given triangle. 
Let a, B, y (Fig. 53) be unit vec- 


tors along the sides. Then, Art. 16, aon 
the angle-bisectors are n 
B 
a(B+y), % 
a, (y s+ a) ’ a e 
z(a—f). : y 
Now 
a(B+y)=cy—y(y +a). 
Operating with V. (y +a) x 
pee cVay : 
VyB + VaB +Vay 
Hence 
EAN 
ao = 2 (8+ y)=——_ "(8 +), 


VyB + VaB + Vay 
or, since a, 8, y are unit vectors, 


ats c sinB (oe. 


sin A + sing + sinc 


Squaring, to find the length of ao, we have, since (8 + y)?= 
—2(1+ cosa), 


is k ° 
‘ csinB : 
— Ao?= —| — : : 2(1+ cosa), 
sina +sinB + sinc 
csinB —____—__. 
AO = - : a /9 (1-E cog 4), 
sina + sinbB + sinc ; 


csinB 
= - : — 2cos#a. 
sina + sinB + sinc 


25. If tangents be drawn at the vertices of a triangle inscribed 
in a circle, their intersections with the opposite sides of the triangle 
will lie in a straight line. 
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Let o be the center of the circle (Fig. 54) whose radius is 7, 
and OA=a, oB =f, oc=y. Since oa and ap are at right 


angles, 
S(oa . AP) = 0. 


But 
AP =AaBb+BP=ap+ypc=B—a+t+y(y—8B); 


Fig. 54, hence, substituting this value above, 


Su[B —a+y(y—B)]=0, 


f Sa? = Sa8 + yS(ay — af), 
va and 
= 


Erte +808. 
R Say — Sa’ 
Therefore 
eDient @) a = — + Sas. any 
op =0Bn +BP=6+ysc=8 Sse B) 
_ (0? + Say) B = (7? + SaB)y 
Say — Sa8 ; 


Similarly, or, by a cyclic change of vectors, 


0Q = 


Ge + 8aB)y — Giz + SBy)o 


SaB — SCy 
oes CaS) eet Saye 
SBy — Say 


Whence 
(Say — 82) or + (S28 — SBy)og + (SBy — Say)or = 0. 
But also 
(Say — 828) + (SaB — SPy) + (SBy — Say) = 9. 


Hence pv, Q and Rr are collinear. 


26. The sum of the angles of a triangle is two right angles: 
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Let a, 8, y be unit vectors along Bc, ca and as (Fig. 53). 
Then (Art. 42) 


Fig. 55. 
Gee! ; 
SS Ei ee 
Me 
2 
Cen 
Qa 
Y 20 
sal eat (atts 
B 
But 
Ca neat 
y B a 


2 
Hence —(¢ + 6 + w) = an even multiple of 2 (Art. 42), as 21, 
. T 
as we go round the triangle n times. 


In taking the arithmetical sum, or passing once round, we 
take the first even multiple of 2, or 


2 
“(P+O0+y)=4; 
ane o+0+y =27, 


and the sum of the interior angles is 37 —227=7, or two right 
angles. 

27. The angles at the base of an isosceles triangle are equal to 
each other. 

Let a and B (Fig. 56) be the vector sides Hg. 56. 
of the triangle, and Ta=T8. Then, if the 
proposition be true, 


or 
a(a —f)'=KB(B —a)"= (8 — 2) "f, 
a(B —a)=(a—B)B; 
oma Enea e am 


which is true, since Ta = TG. 
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— 28. To find a point on the base of a triangle such that, if lines 
be drawn through it parallel to and limited by the sides, they will 
be equal. 

Draw bE (Fig. 57) and pr parallel to 
the sides. From similar triangles, if 


AE — WACs 
AE BF BA—AF 
xL = = = , 
FAG ENA BA 
whence 
AF 
L—7=—. 
BA 
Now 
A AD = AF+ FD, 


or, since FD = AE, 
= (1—@)aB + wac. 


But, since rp is to be equal to ED, 


(=e) TAB =2Tac= as 
-. (1—2)TasUas = yUan, 
zTacUac = yUAC, 
and therefore 
AD = y(Uas + Uac), 


and b is on the angle-bisector. 


29. If any line be drawn through the middle point of a line 
joining two parallels, it is bisected at that 
Fig. 98. point. 
G H . * 
30. In any right-angled triangle asc 
(Fig. 58), the lines BK, CF, AL meet in a 


pee point. 


31. In any triangle the sum of the 
squares of the lines Gu, KE, D¥ (Fig. 58) 
is three times the sum of the squares of the 
een wen: sides of the triangle. 


¥ 


82. The sum of the angles about two right lines which intersect 
is four right angles. 
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33. If the sides of any polygon be produced so as to form 
one angle at each vertex, the sum of the angles is four right 
angles. 


34. Find the eight roots of unity (Art. 39). 

35. The square of the medial to any side of « triangle is one- 
half the sum of the squares of the sides which contain it, minus 
one-fourth the syuare of the third side. 

55. Product of two or more Vectors. 

1. Let gy=aB,r=y. Then, since Sgr = Srq, 

SaBy = Syaf. 


erg —yo,)3)— 6... Then 


Sqr = Srq = SyaG = SBya ; 
. SaBy=SBya=SyoB. . . . . . (108), 


or, the scalar of the product of three vectors is the same if the 
cyclical order is not changed. 

This may also be shown by means of the associative law of 
vector multiplication as follows: 


aBy = (a8) y = (SoB + VaB) y. 


Taking the scalars 


SaBy = 8(Sa8B +VaB) y 
=S§(Vo8.y), since S(So8. vy) =0, 
= S ° yVafB ; 


introducing the term 8. ySa8 = 0, 
=S8.yVa8+4+S8. ySaf8 


=S$.y(Sa8 + Va) 
= Sy(aG) = Syaf. 


137889 
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In a similar manner 


SaBy = 8 . a(SBy +VBy) 
=§8$.aVy 
= §(VBy .a) 
= 8(VBy + SBy)a 
aad SBya, 


SaBy = SBya = Syaf. 


and, as before, 


2. Again 
SaBy =S8 . a(SBy + VBy) 
=S8.aVBy 
=—S§. aVy8 
= — 8a(Vy8 + 878); 
as Sapy=s— Say im tos a nt ae LOO E 


or, a change in the cyclical order of three vectors changes the sigi 
of the scalar of their product. 


5. Resuming 


aBy = a(By) 


and taking the vectors, 


VaBby =V. a(SBy +VBy) 
=aSSy +V. aVBy. 


VyBa = V(SyB +Vy8)a 
= V. aSyB —V.aVy8 
=V.aSyB+V. aVPy 
=V. a(Sy8 + VBy) 
=aSBy+V.aVPy; 
eis VaCy = VyBo De oe tO et ee ee mes (110), 


Also 


or, the vector of the product of three vectors is the same as the 
vector of their product in inverted order. 


4, Geometrical interpretation of SaBy. 
Let a, B, y be unit vectors along the three adjacent edges oa, 
op, oc (Fig. 59) of any parallelopiped, 6 being the angle be- 
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tween a and 6, and @' the angle made by y with the plane aon. 
Then 
af = — cos6 + sind, 


« being a vector perpendicular to the plane aos. 
Operating with xX S.y 
SaBy = S(— cos0 + esind)y 
= S(siné. cy). 


But Sey=—cos of the angle 
between « and y=— sin0'; 


“. SaGy =— sind sind. 


Now, if a, 8, y represent as vectors the edges 0A, oB, 0c, 
whose lengths are a, b, ¢, 


SaBy = — TaTPTy siné sin6' 
= — abe sing sin 6! 


But absiné = area of the parallelogram whose sides are a and 
b, and csin@' = perpendicular from c on the plane aos. Hence 


— SaBy = volume of « parallelopiped whose edges are 
a, band c, drawn parallel to a, B and y. 


Cor. 1. Whatever the order of the vectors, the volume is the 
same; hence, as already shown, 


+ SaBy = + SBya = + SyaB = F Say8, etc. 


Cor. 2. If SaBy = 0, neither a, 8 or y being zero, then either 
§6=0, or 6'=0, or the vectors are complanar. 

Cor. 8. Conversely, if a, 8, y are complanar, SoBy = 0. 

Cor. 4. The volume of the triangular pyramid of which the 
edges are 0C, OB, OA, is — } SaBy. 


5. We have seen that when a, Band y are complanar, SaBy=0, 
and therefore aBy is a vector. To find this vector, suppose a 
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triangle constructed whose sides aB, Bc, CA have the directions 
of a, 8 and y respectively, a vector not being changed by motion 
parallel to itself. Since the tensor of the vector sought is the prod- 
uct of the tensors of a, 8 and y, we have to find U(AB.BC.CA), 
i.e., its direction. Circumscribe on the triangle axc a circle and 
draw a tangent at a, represented by r’ar. Since the angles TAB 
and Boa are equal, we have 


whence 
U(sc .ca)= Us. at’) f= Ua . ar) ]. 


Introducing Uas x 
U(aB.Bc. 0A) = U(aB. aB. at’) [ =U(aB. BA. AT) |, 
or, since U(aB.BA)=—(U.aB)’=1, 
U(ap.Bc.ca)=—U. ar’=U. at. 


Hence, if a, B, c are any three non-collinear points in a plane, 
or if a, B, y are the sides of a triangle joining them, in order 
(in either direction, since VaBy = Vyfa), 


aBy, Bya, yap 


are the vector tangents to the circumscribing circle at the angles 
of the triangle. 

Again, if a, B, © are any three points in a plane, not in a 
straight line, and a and £ are two vectors along the two succes- 
sive sides aB, BC of the triangle which they determine, and cp a 
vector drawn from c parallel to y, intersecting the circumscribed 
circle at p, then is pa parallel to VaBy=6. For 


B= ay = af By = of'8'y = — (TB)*« By = — (18), 


=O 


whence U. , which turns £ parallel to —a, turns y into a 


direction 6 = pa, the opposite angles of an inscribed quadrilateral 
being supplementary. 
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If y haye a direction such that cp crosses aB, or the quadri- 
lateral is a crossed one, it is evident on construction of the 


figure that 
Ud'= UaBy = U(av) = — US. 


Nence the continued product of the three successive vector 
sides of a quadrilateral inscribed in a circle is parallel to the 
fourth side, its direction being towards or from the initial point 
as the quadrilateral is uncrossed or crossed ; and, conversely, no 
plane quadrilateral can satisfy the above formula + Ud = Ua6y, 


unless A, B, C and pD are con-circular. The continued product 
of the four successive sides of an inscribed quadrilateral is a 


scalar, for 
j abyo= (ay) Oe 6 =a". 


Since the product of two vectors is a quaternion whose axis is 
perpendicular to their plane, while the product of a quaternion 
by a vector perpendicular to its axis is another vector perpen- 
dicular to its axis, and so on, it follows that the continued 
product of any even number of complanar vectors is generally a 
quaternion whose axis is perpendicular to their plane, while the 
product of any odd number of complanar vectors is a vector in 
the same plane. Hence the formulae 


Sa=0, SaSy=0, SaBydco=0, etc, 


for complanar vectors. 
If, however, the given vectors are parallel to the sides of a 
polygon ABC + MN inscribed in a circle, then 


U(AB.BC.CD = MN .NA)= U(aB. BC. 0A) U(ac. cp. DA), 
xX U(AM.MN.NA). 


But each of the products U(aB . Bc . cA) is equal to U. ar, 
AT being the tangent to the circle at a. Hence 


U(4B. BC. OD- MN.NA)=.(U. AT)”, 


which reduces, according as n is even or odd, to +1 or £U. at. 
Hence the product of the vectors will be a scalar or a vector 
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according as their number is even or odd, and in the latter case 
this vector is parallel to the tangent at a. 

If the vectors are not complanar, but parallel to the successive 
sides of a gauche polygon inscribed in a sphere, the polygon 
may be divided as above into triangles, for each of which the 
product of the three successive sides is a vector tangent to the 
circumscribing circle, all these vectors lying in the tangent plane 
to the sphere at the initial point. If the number of sides is even, 
their product will be a quaternion whose axis is perpendicular to 
the tangent plane, 7.e., lies in the direction of the radius of the 
sphere to the initial point. if odd, the product is a vector in the 
tangent plane. 

Hence, if a, B, c and p are four given points, not in a plane, 
AB=a, BC=£, Cb=y being given vectors, and P any other 
point such that pp=o, PA=p, if P lies on the surface of a 
sphere through the four given points, we have the necessary and 
sufficient condition 

aByop = pryBa, 


for each member is equal to minus the conjugate of the other, 
and must therefore (Art. 46) be a vector. 


6. From Equation (56), 


By — yB = 2VBy. 
Operating with V.ax 
2V.aVBy=V.a(Cy—y£). 


Introducing in the second member Bay — Bay, 


=V (aBy — ayB + Bay — Bay) 
= V(aB + Ba)y —V(ay8 + ya) 
= V- 2(SaB)y — Vay + ya) B 
= 2ySa8 — 2 BSay. 
Hence 
V .aViby = ySaB = PSay teeta AL), 
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This formula may be extended. Thus, for a write Vad, and 


we have 
V. VadVBy = yS(Vad) 8 — BS(Vad) y, 
Nie VadsV By = yS8adB = GSdOV sy o3 ae LED). 


An inspection of this formula shows that it gives a vector 
complanar with y and 8. Moreover, since 


V.VadVBy = V. VyBVod = d8yBa — aSyB8, 


it is also complanar with a and 4, and is, therefore, parallel to 
the line of intersection of the planes of a, 6, and £, y. 
Similarly 


V.VGyVad = dSBya — aSBys =—V.VadVRy . (118). 
Adding Equations (112) and (113) 

d8Bya — aSByd + ySadB — BSady=0 . . (114), 

dSaBy = aSByd — BSayd + ySoaBd . . . (115), 


or 


a formula expressing a vector 6 in terms of any three given di- 
planar vectors, a, B, y; so that, if 


SBys =b, —Sayi=Syod=c, SaBi=a, Saby=m, 
d= m-"(ba + cB + ay). 
7. Resuming Equation (111), and adding aSfy to both mem- 
bers, 4 : 
V.aVBy + aSBy = ySaB — BSay + aSPy, 


V.a(SSy + VBy) = 
VaBy = aSBy — BSay+ySaB. . . . (116). 


The form of this equation shows that a and y may be inter- 
changed, or that VaBy = VyBa, as already shown. 
Again, replacing a by VoZ in Equation (111), 


V. VoBVBy = yS(VaB) 8 — BS(VaB)y, 
V. VaSV Gye = peaByat Bake Pay ans (117). 


whence 


or 
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8. Writing Vyda8 first as V(y. a8), and then as V(y5 . af), 
we have 
Vy. da8) = V. y(Sda8 + Vdaf) 
= yS8daB+V. yVoa8 
[Equation (116)] = ySaBd + Vyd8aB —VyaS83B +VyBS3e. (a) 
V(76 - aB) =V(Syd +Vy6) (SaB + VaB) 
= VydSaB +VaBSyd +V. VysVaB 
= Vyd8SaB + VaBSyd —V. VaBVyd, 
or, Equation (112), 
= VydS8a8 + VaBSy6 — dSaBy+ yS8aBd. (b) 
Equating (a) and (0), 
dSaBy = VBySad +Vya863+VaBSyd . . (118), 


a formula expressing a vector 6 in terms of three other vectors 
resulting from their products taken two and two; so that, if 
SoBy =m, Sod = a, S63 =, Syd =e, 


6= m"(aVBy + bVya + cVaB). 


Operating on Equation (118) with S. px, we obtain, since 
S . pVya = Spya, 
Spd8aBy — SBdSpya — SadSpBy — SydSpaB = 0, 
or 
SadSpBy — SBdSypa + SydSpaB — SpdSaBy=0. (119), 


a formula eliminating 3. 


56. Exercises. 


Prove the following relations : 


1. SuByd = SdaBy. 
2. a8. By =— ay. 
Oud b= auto 
AS. VOR V Gy == SOON Gy cn umes meee (120). 
5. SaByd = SaBSyd —SaySBd+Sad08By. . . . . (121); 


from which show that SaByé = SByéa. 


GEOMETRIC MULTIPLICATION AND DIVISION. 107 


6. S. VaBVyd = SaiSBy —SoySB5 . . . .. . (122). 
7. S(a+B)(B+y)(y +4) = 28apy. 
8. aBy + yBa = 2 VaBy. 
10. V(aVBy + BVya + yVafs) = 0 ee aes eA cone 
11. VaBy - Vyas = 27Saf. 
12. aVBy+ BVya + yVaB = 3 SaBy. 
13. S$. VaBVByVyo = — (SaBy)’. 


14. S.yVBa= yBa — ySBa+ BSya—oSBy . . . (124). 
15. S. V(VoBVBy) V(VByVyc) V(VyaVa8) = — (SaBy)*. 
16. S[VaBVyd + VayVd8 + VaoViGy) 00) 2.5. Sans, aoeeGieo ye 


17. If SoBy =m, Sap = 0, SBp = 0, Syp = 0, show that p= 0. 
Conversely, if p is not zero, then SaBy = 0. 


18. Interpret p=a'Ba. 


We have first, directly, 
To =TS, 
SapB = Saa-'BaB = SBa = Sha = 0; 


..p,aand @ are coniplanar: 


Sap = Saa7"Ba = Sea, 
— TpTa cosé = — TaTB cos ¢, 


or, since Tp = TB, cosé = cos ¢. 
Similarly Vap = VBa, and sind=singd. Hence 


= , 


and a bisects the angle between 6 and p. 


19. Show that p = aBa-!= a-'(Sa8 — Vaf2). 
20. p being any vector, show that V . VapVpG = xp. 


21. If SaB = —da’, show that a is perpendicular to B — a. 
BS. B 


22. What are the relative directions of a and £, if ie = 


ere 2, 
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57. Examples. 
1. The altitudes of a triangle intersect in a point. 
Let (Fig. 60) ac=6, cB=a, AB=y. 
Fig. 60. Then vectors along c'c, B'B and a’a are 


6y «8B, —«a 
respectively. Now 


AO=AC+CO=AB+B0, 


B—ay=y+yB. 
Operating with x S. B, we have, since yS<” = 0, 


__ Sap 
SeyB 


Having assumed o to be the intersection of the altitudes Bp! 
and cc} let o' be the intersection of aa’ and cc: Then 


ao'=ac+ Co, 


or 
zea = B — wey. 
Operating with x S.a 
Ares SBa Bis SBa 
Seya  Saey 
a SBa _ Saf 
S(y—B)ey —SPey 
a Saf : 
SeyB 


Hence 0 and o! coincide, and 


Saf 
o= A 
AO=B+ Soa? 
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2. To circumscribe a circle about a triangle. 
Let (Fig. 61) ac=6, ch=a, aB=y. 


Then Fig, 61. 
sAlo=— wea, (6) 
c'o — yey, 
B'O = — 2-f. 
B/ al 
Operating with x S . & on the expres- a 
sion 
AO= Fy t+ yey =3P — zB, A o! B 
we have 
y = mle . 
2SeyB 
Operating with x S.aon 
BO! = — Fy ae yey =— ta — 2 ea, 
we have 
pe eyes eS Sa 


2Seya «Sey 


Therefore y= y' and o and o' coincide. 
The radius may be found by squaring 


Saf 
Ao =4 1 =ly— 
eyt yey =2y Saye” 
whence 
naan Geme See Cy cab? cos? C. 
4 4 6c? sin? a 


since, if a, b, c are the tensors of a, B, y, 


i eee 
ae 
S(sy - yey) =9, : 
leit wh? cos? c 


4 7c? sin? a 
Hence 


Bae sin? 4 + a? cos?C __ a 
2sin A ~ Qsin ih 
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3. In any triangle, the centre of the circumscribed circle, the 
intersection of the altitudes and the intersection of the medials lie 
in the same straight line; and the distance between the last two 
points is two-thirds of the distance between the first two. 

Let m (Fig. 62) be the intersection of 
the medials, a’ that of the altitudes, and 
c the center of the circle. 

Then, from Ex. 5, Art. 11, where-ce 
(Fig. 11) is given in terms of the adjacent 
sides, we have 


am=4(8 +4). 
From Ex. 1, Art. 57, 


AMegse =e 
Krom Ex, 2, Art: 57, 
so= Hy — SB 9). 
SB 
But 
CM = AM -—- Ac=4 Png ees ey, 
and So 
MA'= AA'— AM= 38 — ae Bee a 
Sap! 


oy NUN = CE 


and, since, as vectors, they are multiples of each other, and have 
a common point, they form one and the same straight line. 

4. To find the condition that the perpendiculars from the angles 
of a tetraedron to the opposite faces shall intersect. 

With the notation of Fig. 52, the perpendiculars from 4 and B 
on the opposite faces are ‘ 


VBy and Vya. 


If they intersect, at Pp say, then must 4, B, P lie in one plane. 
Hence, Art. 55, 4, Cor. 3, 


S[(8 — a) VByVya]= 0, 


GEOMETRIC MULTIPLICATION AND DIVISION. 111 


or 
S(B—«)[S. VByVya+V. VByVya]=0, 
S(B—a)V. VByVya = 0. 
Fig. 52 (bis) 
But, Equation (117), Oo 
. — (Sy —Say)SBya =0, 
or 


SBy = Say. (Qn o B 


From the figure, we have 
= A 
BC? + 04? = (y — B)° Sea 
=y—28yB+ +e 


or, from (a), =y—2S8ay +P? +e 
=(y—4)? +2 
= AC? + 0B’. 


Hence the condition is that the sums of the squares of each pair 
of opposite edges shall be the same. 


4). Interpret Equation (118), 
d8aBy = VBySad + VyaSPd + VaBSys, 


under the condition that a, 8, y be complanar with 6. 
If a, B, y are complanar, Sx8y = 0, and therefore, 6 being in 
or out of the plane, 


SadVBy + SB35Vya + SydVoB = 0. («) 


If 6 be in the plane, we have for any four co-initial lines 
OA, OB, OC, OD, 


sin BOC COS AOD + SINCOA COSBOD + sin AOB coscop = 0, 
and, for a line perpendicular to op, 
sin BOC sin AOD + SsincoOA SsinBOD + sin AOB sincop = 0. 


If 6 is perpendicular to the plane, the terms in (a) vanish 
separately. 
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6. If X, Y, Z be the angles made by any line op with three 
rectangular axes, then 


cos? X + cos? Y + cos?’ Z = 1. 
From Equation (67) 


ip = «i? + yij + zik =— a+ yk — Zz), 
whence 
(Sip)? ae 


Operating in a similar manner with 8. jx and S.A x we obtain 
— p? = (Sip)? + (Sip)? + (Skp)”. 
If To=7, then p?=— 7°, Sip =—rcos X, etc. Hence 


op? = op’ (cos’ X + cos’ Y + cos* Z), 
or 
cos? X + cos? Y + cos? Z = 1. 


Applications to Spherical Trigonometry. 


Let asc (Fig. 63) be any spherical triangle on the surface of 
a unit sphere whose center is 0; a, B, y 
being unit vectors from 0 to the vertices. 
The sides aB, BC, CA represent versors 
whose angles are c, a, 0, and axes are 
OC = y; Oye a, One B' 3 a, B; y' 
being unit vectors to the vertices of the 
polar triangle whose sides are a! U! ¢! 
the supplements of the opposite angles 
A, B, C of the triangle asc, 


Fig. 63. 


Seas («) 
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Taking the scalars, we have [Equation (90) ], 


a Qa 
gP igh gta gy y% 
Y ha cae), 
But 
a 
S- = cosa, eee S-= cos), 
Y im Y 
and 


Re ease 1) (@3 
we Ms ieee CN yp (NET) 


= sinc sinb Sy'p' 
= — sinc sinb cosa! 


= sinc sind cosa. 
Hence, in (a), 


cosd = cosc cosh + since sind cosa. 


By a cyclic permutation of the letters in (a), we obtain 


aes 
a Ba 
Whence, as before 
eae ry8, 
BE anp tior we a 
or 
cos b = cosa cose + sina sinc Sa'y', 
in which Sa'y' = — cosb! = cosB. 


.. cosb = cosa cose + sind sin¢ COsB. 
Similarly, or directly by cyclic permutation in (c), 
cosc = cos) cosa+ sind sina cosc. 
From the relation 


B B' a! 


j= st 
Y Qa Y 


— CoS A = COSC COSB — SINC SiINB Cosa. 
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(d) 
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8. Resuming the equation 
a 
yy ¥ ; 
of the last example, and taking the vectors, we have [Equa- 
tion (91) ], 


vo ase +85 Sys vey (a) 
But 
ye =—q' Sind, 
y 
6 @ 
OF ie a) ae * Bs 


sive = cosh (y'sinc) = cosbsine . y; 
Vie vive = V(y'sinc) (B'sinb) =sine sind Vy'p' 
= sinc sinb(—asina') = —sincsinbsina - a. 
Substituting in (a), 
—sina.a'=cosc sind. B'+cosbsine. y'—sinesindsina.a. (bd) 


Operating with x 8. y'! 


t y’ 


t 
7 a 
—sina.S—=coscsind gf +eosb sine gt —sine sind sinaS— 
y' y' 7! 


in which 


' 
4 @ 
S —==cosb' = — cosB, 
if 
B' 
S—==-— cosa, 
i 
, @ 
S—|=0, since a and y' are at right angles. 
y' 


Hence 
Sin @ COS B = cosb sine — cose sind cosa, 
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and in the same manner, or by a cyclic permutation of the letters, 


sinb cosc = cos¢ sina — cosa sinc cosB, 
sinc cosa = cosa sinb — cosb sina cosc. 


9. Operating on Equation (b) of the last example with 
x V.y'" instead of x S. y'", 


a! F icp : ! 


. . . ° a 
—sina¥ == cose sinbV—-+ cos b sinc V5 — sinc sind sina V—- 
Y Y 


r¢ 
But 
—= Bsinb'= Bsins, 
Mea 
Ree nein = =—asina, 
y/ 
eS 0, 
Y 
Ves =a)": 
4 


Substituting these values 


—sinasins .B =— coscsindbsina.a—sincsind sina. £: 


Dividing by a, and substituting for 
; 
—=cosce+y'sine and for—=y; 
. a a 
we obtain 


— sina sinB cose — sina sinB sinc . y' = — cose sind sina 
—sinc sind sina. y: 


Equating the scalar or vector parts, we have in either case 


sind sinB = sina sind, 
or 
sina: sinb:: sina: sinB. 


The formulae of the preceding examples have all been deduced 


pie ae 


from the equatioh - =- -- The product as well as the quotient 


may also be employ aa as follows: 
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10. Assuming the vector product 
VaBV By, 


and taking the vector part, we have [Equation (117)], 


V. VaBVBy = — BSafy. (a) 
But 
V. VoBVBy = V(y'sinc) (a'sina) = sine sina sink . B, 


and, Art. 55, 4, 


SaBy =— sinc sin8} 


6' being the angle made by oc with the plane ofc. Substituting 
in (@). 
sinc sina sink . B=sincsin6'. B, 
Fig. 63. 
or 
Cc siné'= sina sins. 


By permutation, from (a), 


Sinai v. VyaVaf peer eee aSyaf = — aSaBy, 


a 


sind sine sina .a=sincsin6’. a, 
a’ .. sing’= sind sina. 


Equating these values of sin6} we have, as in Example 9, 


sina: sindO::sina: SINB. 


il. Let p., ~,, p. represent the ares drawn from the vertices 
of asc perpendicular to the opposite sides. 
Resuming Equation (a) of the preceding example, and taking 
the tensors, ‘ 
TV . VaBVBy = SaBy = sinc sin p,, 
= SSya = sinasinp,, 
= Syaf = sind sin p,, 


\ 
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and, taking the tensor of V. VaGVfy from the last example, 


sinc sina sinB = sina sin p, = sind sin p, = sine sin p,, 

or 
sin p, = sinc sinB, 
sinc sin a 


- SiInB, 
sind 


sin p, = 
sin p, = sina sins. 


12. Show that if anc, a's'c! be two tri-rectangular triangles on 
the surface of a sphere, 


cos AA' = cos BB! coscc! — cos B'C COsBC; 


the triangles being lettered in the same order. 
Let a, B, y, a) B, y' be the vectors to the vertices. These 
being at right angles, in each triangle, we have 


cos aa! = — Saa'=—$ . VByVB'y! 
or, Equation (122), 


cos AA' = S6B'Syy' — SB'ySBy' 
= cos BB! cos co! — cosB'c cos BC. 


[The vectors of Equation (122) are arbitrary, but we may 
divide both members by the tensor of the product of the vectors, 


so that 
S(VUaBVU ys) =SUad8SUBy — SUaySU£6, 


for the unit sphere. ] 


13. Let ascp be a spherical quadrilateral whose sides are 
AB= a, BC=b, cb=c, pA=d, the vectors to the poles of these 
ares being a, 8! y, 6! respectively. Then 


Vo = a'sina, 
Vyd = y'sine. 
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From Equation (122), 


S . VaBVy5 = Sad8By — Say$Bo, 
or 


sina sinc Sa'y' = (— cospa) (— cos BC) — (—cos DB) (—cos Ac). 

But Sa'y'=—cos1, i being the angle formed by the arcs aB 
and cp where they meet, the arcs being estimated in the 
directions indicated by the order of their terminal Iettors. 


Hence 
sin AB SINCD COSL = COS AC COS BD — COS AD COS BC, 


a formula due to Gauss. 
14. Retaining the above notation, ancp being still a spherical 
quadrilateral, denote the angles at the intersections of the arcs 


AB and cb, AC and pB, Ab and Bc, by L, mM and N respectively. 
Then, from Equation (125), 


S[VaBVyé + VayVo6 + VadVBy]= 0, 
we have identically 


sin AB SinCcD COsSL + sin AC sinBD cosM + sin AD sin BC COoSN = 0. 


Were the points A, B, Cc, p on the same great circle, the angles 
L, M and N would be zero, and the above reduces to 


sin AaB sincp + sin Ac sinBp + sin AD sinsBe = 0, 


and for a line oa; perpendicular to oa and in the same plane, 
dropping the accent, we have 


COS AB SinCD + COs AC SinBD + COS AD sinBCo = 0, 


which are the results of Example 5 of this article. 
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58. General Formulae. 


1. We have seen, Equation (86), that S=} = 3S and V3} = SV; 
but (Art. 50, 4) that ST is not equal to TS, nor SU to US. We 
have also seen, Equations (96) and (97), that TIIT=TIT and 
UIL=U; but SII is noé equal to 18, nor VII to IIV: for, 
1st, SI is independent of the factors under the II sign, provided 
the product remains the same, while IIS is dependent upon 
them; and, 2d, because (Art. 55, 5) ITV is not necessarily a 
vector. 


2. Resuming Equation (92), 
Srq = Sqr, 


and, since 7 is arbitrary, writing rs for 7, we have, by the asso- 
ciative law (Art. 52), 
S(7s)q = Sq(7s), 
Sr(sq) = 8(sq)", 
.. Srsqg=Ssqr=Sqrs'. . . . (126), 


a formula which may evidently be extended. Hence, the scalar 
of the product of any number of quaternions is the same, so long 
as the cyclical order is maintained. 


3. Let p, g, 7, 8 be four quaternions, such that 


qt = ps. (a) 
Operating with Kg~x., 


Kg. gr =(Kg. g)r =(qKq)r = Kq. ps, 
since conjugate quaternions are commutative. Hence 
(Tq)?r = Kg. ps, 


or 
__ Kq. ps 


ne ranengy 


Operating on (a) with x Kv, we have 


1 a 
eS fe ’ ° ‘ (aA) 


Oe Mi) S76 Ki, 


120 QUATERNIONS. 


or 
ee = psKr, 
psk ih 
ye Try? = psRr = ps Pa ro eS a 


Hence, in any equation of the products of two quaternions, 
the first factor of one member may be removed by writing its con- 
jugate as the first factor of the second member, and dividing the 
latter by the square of the tensor, or simply by introducing the 
reciprocal as the first fuctor in the second member. By substi- 
tuting the word /ast for ve the above rule will apply to the 
second transformation. 


4. Resuming, for facility of reference, the equations 


d= = gy (cose esind) = Ta. Ug=S8¢+Vqy, (4) 

1 T 
Ter BT (cosg — sing), (B) 
Keg = 5 (008 esind) = Sq — Va, (C) 


we observe directly that 


Sqg=S(Tq.Ug)=Tq.8Uy . . . (129), 
Vyg=TVqg. UVg=Ty.VWUy . . . (130), 
LIN Gp Me SN UCPSMINA Gop Bg (UIBHE): 


5. It has been already shown (Art. 54, Fig. 40) that 
(Ta)?+ (TB)’?=(Ty)’, and (Art. 54, Fig. 42) that Ta=Ty . cos ¢, 
TB=Ty.sind; and therefore 


(Ty) cos’ ¢ + (Ty)* sin’ ¢ = (Ty)’, 


sin’? d + cos’d =1. 


or 


Hence, from Equations (44), 


(SUq)?-+(TVUg)?=1 . . . . (182). 
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This important formula might have been written at once by 
assuming the above well-known relation of Plane Trigonometry. 


6. From Equations (129) and (131), we may; write Equa- 
tion (132) under the form 
(SQ) t= CE VG) De(TQ)e e ree ea 5 (leah 


or, from Equation (107), 
! 


(Sq)? — (V¢)’ = (Tq)? = (Sq)? +(TV¢)? . (184), 


since 2 = —1. 
7. Comparing (A), (B) and (C), 
1 
SUg=SU;=SUKg . . . (138), 


1 
DONS CUT oc ES) sanliee = LO ONE 
and from Equations (129) and (135), 


1 
S¢=Tq.SUqg=Tq. BU ace SUKg? 2 (137): 


8. Since Tg = TKq, we have 
VG TRG (91 g)2- oo St (188) 

and Tq being a positive scalar, 
KTg=TKq .... . (189). 
As exercises in the transformation of these and the following 
symbolical equations, some of the results already obtained will 


be deduced anew. Thus, to prove that T(qq')=TqTgq', whence 
T.q’=(Tq)’, we have 


T(9q')’ = (997')K(9q') Equation (107) 
= qq'Kq'Kq Equation (99) 
= 9(q'Kq') Kg = (Tq')’ qKq 
= (Ty')*(Tq)?, 

v0 (gg!) = fg Va" 
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9. Substituting for Sg and TVq their values from Equations 
(79) and (131) 
(SKq)? + (TVKy)? = (Sy)? +(TVg)? (140). 


10. Resuming from Art. 51, 1, the expressions 


Vig=SrV¢+S8qVr+V. VrVq, (a) 
Vor = SqVr+S87V¢g+V. VqVr, (bd) 
Sqr = SgSr +8. VqVr, (c) 


we have, by adding and subtracting, 


Var + Vig = 28qVr + 287 Vq i (141) 
Var — Vrig=2V.VqVr ; 
And, if g=7r, from (a) and (ce), 
S$ .¢=(8¢)?+ (Vg)? 
whence 
¢ = (Sq)? +28qVq+(Va)?. . . (148). 
Dividing Equations (142) by (Tq)? 
SU . ¢ =(SUgq)? + (VUq)’ \ (144) 
VU .g? =28Uq. Ve ; 
since, evidently, 
Bo es) (145). 
Visrg? = (16) Neo 


Again, substituting in the second of Equations (142) the value 
of (Vq)’ from Equation (134), we have 


Sieg? = 2(Sqn2 = (1g) oes ca eee tl 40) 
and dividing by (Tq)? 
SU: G= 2S) — a. oe ges Ee 
Substituting (Sq)? from the same equation 


S.qg=2(¥a)? (Te) « + = 2 2 48) 
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Equations (146) and (148) may be written 
(S+T)q’=2(Sq)? and (S—T)q’?=2(Vq)’. 


Introducing in (a), or (6), the condition that g and r are 
complanar, we have, after substituting versors, 


VUqr = VUqgSUr + VUrsUg, 


since, under the condition, V(VUqVU7r) = 0. 
Taking the tensors, since g and are complanar, 


TVUgqr = TVUgSUr+SUqTVUr . . . (149), 
and, interpreting, Art. 51, 6, 
sin(@ + ¢) = sind cos ¢ + cos6 sin d. 
Introducing the same condition of complanarity in (c) 
Sqr = SqS7 — TVqTVr, 
or, substituting versors as abdve, 


SUqr = SUqSUr —TVUgTVUr . . . (150), 
or, interpreting, 


cos(6 + ¢) = cos@ cos ¢ — sing sind. 


11. Putting Equation (146) under the form 


eee 
BUA Tao 


and writing Vq for g, we have 
Siig RSG 10) 0. ee eee (lode 
12. Taking the tensors of the first of Equations (142), we have 


Are 


ING Se 2S8q 


y) 
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and writing Vq for q 
eee TVqg 
TV ° Vd => Sq 
or, by Equations (183) and (151), 


(Tg)? — (Sq)? 


ae ae ates 9 
PM aN eng + Sq)” 
whence vb 
TV. Vo = Vitlg = Soyo a 2 yt los 
and 
~ (Tg — Sq 0 
e & —- e e . . . 1 > . 
(IV: S)VG= to p89 (153) 


13. From the definition of the powers of a quaternion, we have 


q-"gm=1, (qn) =qm . . . . (154). 
Hence, since g=Tq. Ug, TII= IIT and UN =IIU, 
Tor". To Ale Ug «Ug = 1 ee (Choos 
Also, because Uqg7” = UKg”, 
qr = Toe. Ug “= Tos". UKg" = Toy ko, 
or, since Kpg = KgKp, writing pq for g, and making m = 1, 


(pq)? = T( pq)" Kpg = T( pq)" KgKp 
=T(pq)*(Tq)(Tp)' gp. 


Cio) Stes GoD a) oo elo 


Or 


the reciprocal of the product of two quaternions being equal to the 
product of their reciprocals in inverted order. 

This formula may be extended by the Associative principle, by 
a process similar to that employed in the deduction of Equation 
(126), so that if Il’ represent the product of the same factors as 
those of Il, in reverse order, 


(TE) Ea ig sega eee nme 
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The equation Kpg = KqKp may be deduced without reference 
to spherical arcs. For, by Art. 44, any two quaternions can be 


reduced to the forms g = B p= x ,; whence 
Qa 
y 
DOs OU Par eie ys PB=yY; 
and therefore 


Kp . y= Kp. pB =(Kp - p)B =(Tp)’B. 
Now 
(KqKp) y = Kq(Tp)’8 =(Tp)*Kq . 8 
=(Tp)’Kq . ga =(Tp)*(Tq)’a = (Tpg)*a 
=Kpq.pq.a =Kpq.y 
~. Kpg = KqKp, 


which, by the Associative law, gives 
Kit Why 6 oo. ate ae peloons 
14. Show that K(— q)=-— Kg. 
15. Show that 
T(p+ 4)? =(p +49) (Kp + Kq) 
= (Tp)? +(Tq)* +28 . pKq 


=(Tp)?+ (Tq)? + 2TpTgSU . pKq 
=(Tp + Tq)? —2TpTqg(1—SU . pkg), 


and therefore that T( p+ q) cannot be greater than the sum or 


-less than the difference of Tp and Tq. 


16. Show that gUVq7! = TVq — SqUVgq. 


59. Applications to Plane Trigonometry. 
1. For formulae involving 26, let 
g = Tqy(cos26 + €sin26). 
Then £ th 
Vq = q! = V0y(cosé + sing). 


‘| 
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From Equation (142), 8. @=(Sq)?+(Vq)’, we then have 


Sq = (Sq')’ + (Vq')’, 
or, dividing out Tq, 
SUy = (SUy')? + (VUq')®; 
and, interpreting, 
cos 26 = cos’?@ — sin’6. 
Again, from Equation (147), SU . y? = 2(SUg)’—1, 
SUqg = 2(SUq')?—1; 
whence 
cos 26 = 2cos’*6 — 1. 
Again, from Equation (142), V. g=2SqVq, 
Vg = 287'Vq', 
or, dividing out Tg and «, 
TVUg = 2SUq'TVUq'; 


whence 
sin26=2cosé@ sind. 


2. Resuming Equations (149) and (150), 


TVUgr = TVUqSUr + SUgTVUr, 
SUqr = SUgSUr — TVUqTVUr, 


which have already been interpreted as the sine and cosine of 
the sum of two angles, and writing for 


r=Tr(cos¢+esingd), rt= = (cos —esing), 
i 
q and 7 being complanar, we have 
TVUqr-' = TVUgSUr — SUgTVUr  . . (159), 


SUqr-* = SUqSUr +TVUgIVUr . . (160), 
or, interpreting, 


sin (6 — ¢) =sin @ cos¢ — sing cos6, 
cos (6 — ¢) = cos 6 cos? + sin sin d. 
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3. Adding Equations (149) and (159), 
TVUgr + TVUgr"' = 2SUrTVUg, 
in which, if gr= p, grt=t, «. g=V pt, r=V pt}, 


TVUp + TVUt = 28U(Vpt-')TVU(Vpt) . (161), 
or 
sinw + siny = 2cos$(w— y) sing (w+y). 


Similarly, by subtracting the same equations, 


TVUgr — TVUgr-! = 2SUgTVUr, Fa 
TVUp — TVUt = 2SU(V pt) TVU(V pt"). (162), 
or 
sinw — siny = 2cos$(~+ y) sind(a— y). 


4. From Equations (150) and (160), by addition and sub- 
traction, we obtain, in a similar manner, 


SUp + SUt = 2SU(Vpt)SU(Vpt!) . . . (163), 
and 

SUp — SUt = — 2TVU(V pt) TVU(V pt"), 
whence 

cosx + cosy = 2cos$(x+y) cosz(x—y), 

cosy — cos@ = 2sin$(x#+ y)sind(x—y). 


5. Resuming Equation (152), 
TVV¢=V3(Ty — 89), 
it may be put under the form 
2(TVUVq)? =1—S8Ug, 


or 
2 sin?4+0 =1—cos6. 


and, in a similar manner, from Equation (151), 


SVi=ViST TO), 
2(SUV¢)? = SUg +1, 
or 
2cos’?46=1+ cosé. 
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6. From Equation (142) 


(TVs Sq? ee Deas 
(Sy)*+ (Vg)? 
27g (Sq)? 


Sy ° (Sq)? —(TVg)? 
eG ea i 
~ 1=[(@V: Sg)” 


or 
; 2 tan 

tan 29 = Bis 

1— tan?6 
And, in a similar manner, 

cot?6 —1 

cot 26 =———__.. 

2 coté 


7. From Equations (90) and (91), g and 7 being complanar, 


Sgr = SqSr +8 . VgVr = SqSr — TVQTVr, 
TVqr = SqTV7r + Sr TVq, 


we have, by division, 


(TV: $)qr— SqTVr + SrTVg 
sgSr — TVgTVr 
> (CEYSSS)7-- (EV 2 S)¢ 
~ 1—(TV: S)g(TV: S)r’ 


or 
— tang + tand 
pages 1—tan¢ tand 
Also 
(TV: S)gr = CRY: S)q—(TV: S)r 
1+(TV: S)g(TV: S)r 
or 


tan(g — 4) = tané — tand 
1+ tang tang 


8. From Equation (153) 


(TY : $) viene 
Tg + Sq 
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by substituting in succession p and ¢ for Vq, «. ¢=p? and 
y=, we obtain, after reduction, 
TVpSt + TVtSp 
< : t= ——___, 
(TV: S)p+(TV: 8) SpSt 
or, dividing out TpT¢ from the second member, and applying 
Equation (149), 


TVUpt 
TV 35 TV: S)t= , 
( )p +( ) SUpsUz 
or 
tanz + tany = ey 
COS X COSY 


And similarly, by subtraction and applying Equation (159), 


; ‘ TVUpt" 
TV: S)p — (TV: S)i=— 
i ea: eastpstt 
or 

sin(a — 7) 


tana —tany = 
COS &@ COSY 


9. From Equations (161) and (163) 
TVUp + TVUt 


TVUV pt = — 
PY osuvpr ” 
— S$Up+ Sut 
SUV SS ST 
d 28U-V pt 
whence 
= — TVUp+TVUE 
: L=(T¥2S = 
(TVU : SU) Vpt = (TV: S) Vpt SUp 4 8Ui 
or Pye see sinew + siny 


COS x + COSY 
And, in a similar manner, from Equations (162) and (163), 


(TV: 8) V pt eal VUp i= UALS 
SUp + SUt 

or 

sing — siny 


tan} (@— y) = ——____”. 
2 ") cosa + cosy 
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10. Similar formulae may be deduced for functions of other 
ratios of an angle. Thus, from Equation (90),writing rs for 
7, and making g=7==s all complanar, we have, by Equation 
(142), 

S.@=(8¢)’ — 38¢(TVq)’, 
or 
cos 36 = cos*é@ — 3 cos6@ sin’d, 


or, under the more familiar form, 


cos3 6 = 4¢0s°6— 38 cos 6. 


CHAPTER III. 


Applications to Loci. 


60. Any vector, as p, may be resolved into three component 
vectors parallel to any three given vectors, as a, By no two 
of which are parallel, and which are not parallel to any one 
plane. Thus 

PS tORUp + ty 0: Be. eee Od) 
refers to any point in space. 

If the variable scalars 2, y, 2 are functions of too independ- 
ent variable scalars, as ¢ and wu, p is the vector to a surface, 
which, if the functions are linear, will be a plane. We may, 


therefore, write ‘ 
= Ass Us A) mat wcnes ete 36s (MES) 


as the general equation of a surface. 

If «, y and z are functions of one independent variable scalar, 
as t, p is the vector to a curve, which, if the functions are 
linear, becomes a right line. We may, therefore, write 


EY Nomad ae ene mene Co 


as the general equation of a curve in space. 

If a, B, y ave complanar, we may replace either two of the 
vectors in Equation (164) by a single vector, in which case 
p=¢(t) contains but two variable scalars, functions of ¢, and 
is the equation of a plane curve, or of a straight line if the func- 
tions are linear. 

The essential characteristic of the various equations of a 
straight line is that they are Jinear, and inyolve, explicitly or 


implicitly, one indeterminate scalar. 
131 
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a 61. Assuming 
/ p=aa+yB, (a) 
in which w and y¥ are variable scalars, functions of a single vari- 
able and independent scalar, as ¢, as the general form of the 
equation of a plane curve, by substituting in any particular case 
the known functions #= f(t), y=/f'(t),.or x=f"(y), we may 
avail ourselves of the Cartesian forms and apply to the resulting 
function in p the reasoning of the Quaternion method. 

For example, suppose a and 8 are unit vectors along the axis 
and directrix of a parabola, the origin being taken at the focus. 
In this case we have the Cartesian relation 


y? = 2px +p”, (0) 
or, substituting in (a), 


lop, acer 
Paris (y’ — p*) a+ 9B, 
Pp 


as the vector equation of the parabola. 
Or, again, a and £ being any given vectors parallel to a diam- 
eter and tangent at its vertex, 


=Sattp (©) 


is the vector equation of a parabola, in terms of a single inde- 
pendent scalar ¢. 


62. Let f(x) be any scalar function as, for example, 
fear. 
ali @) j= 2ads=[7"(a) pax: 


Then 


If, however, f(g) be a function of a quaternion g, as, for 
example, in the above case, 


I() ia ( 


f(4 + dq) = (¢ +9)? = + qdq + dq .g+(dy)?, 
ALS (~) jJ=qdg+dq. 4, 


then 
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which cannot, however, be written 2qdq, because of the non- 
commutative character of quaternion multiplication. We can- 
not, therefore, write, in general, 


al f(QI=(1'(9)] aa; 


or form, as usual, a differential coefficient. Since vector, as 
well as quaternion, multiplication is non-commutative, the same 
is true of the differentiation of a function of a vector. Thus, if 


S(p) = p*, 
al f(p) ]= pdp + dp « p, 


and in order to write d[f(p) ]=[f'(p)]dp, it would be necessary 
to determine a vector o, such that cdp =dp . p, or 


o=dps pdp; 
or, if « be the versor of dp, since the tensors cancel, 
c= eps! 3 


that is (Art. 56, 18), we must have p, « and o complanar, or 
Veo = Vpe. Since complanar quaternions are commutative, if ¢ 
and dg are complanar, or if dg or dp is a scalar, this peculiarity 
of guaternion and vector differentiation disappears. In this 
case, dq and dp being scalars, f(g) or f(p) are quaternion or 
vector functions of scalar variables, to which the ordinary rules 
of differentiation are applicable. In fact we have only to assume 
such a function, as 


p — aa! + ana! ae ptt ab re aS a Saa pe (t), 
in which a’, a”, a!", «+ are constants and the only variables are 
the scalar multipliers, to see that the vectors a’, a!, a!" .... are 


to be treated as constants and the usual rules of differentiation 
applied to the scalar coefficients. 
Such equations, then, as those of the parabola, (0) and (c), 
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Art. 61, in which a and @ are given constant vectors, may be 
differentiated as usual. ‘Thus, from 


PS 5° oie tp, 
we have 

dp 

—— = A 

dt ei 


p and p' being any two vectors to the curve, 


\ ' a 

p—p=4p 
is the vector secant ; so that when p and p' become consecutive, 
and the secant a tangent, 


dp = (ta + B)dt 


is a vector along the tangent to the curve at the point corre- 
sponding to ¢t. The vector to this point being sat eB, and x 


any variable scalar, we may write the equation of the tangent 
line at that point 


e 
pS sia Gane) ; 
for any given point, x being the only scalar variable. 


63. It has been seen that the usual definition of differential 
coefficients is inapplicable to quaternions in general, for this 
definition involves the commutative property of maltiplication, 
which is not, in general, true of quaternions, nor of the vectors 
to which they may degrade. It becomes necessary, therefore, to 
give a definition of differentials which shall not involve this prop- 
erty, yet which shall also be true of quaternions which degrade 
to scalars, and therefore be equally applicable to ordinary scalar 
quantities. 

If p=f(q), such a definition is involved in the formula 

limit 


dp =, p MLS(Y +n “dg)-—f(Q)] - +. (167), 
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for, let f(q, 7, 8, +++) =0 be any relation between a system of 
quaternions g, 7, 8, +++ , and let Ag, Av, As, ----- be finite and 
simultaneous differences, so that g+Aq, r+Ar,s+As, «-.- 
satisfy the relation f(q, 7, 8, + )= 0. Then in passing from the 
new system g+Aq, --- to the old system q, «+ , the simul- 
taneous differences can all be made to approach zero together, 
since they all vanish together. If, while these differences Aq, 
AT, thus decrease indefinitely together, they be all multi- 
plied by the same increasing number, 7, the equimultiples nA q, 
NAT, 200 may tend to finite limits, and these limits are defined 
to be the simultaneous differentials of the related quaternions q, 
Ty Sy cree , and are written dq, dr, ds, -.--- . Simultaneous differ- 
entials are, therefore, the limits.of equimultiples of simultaneous 
decreasing differences. If, then, in Ap=f(q+Aq)—/f(q), 
while the finite differences Ap, Ay be indefinitely decreased, they 
be multiplied by a number, 7, ultimately to be made infinity, 
so that 
nAp=n(f(g+4Q—-fqQ); 


and we pass to the limit, writing dp for nAp, and dq for nAgq, 


os limit dq 
i shee wg I i (Bachar = LG) : 


a formula for the differential of a single explicit function of a 
single variable. 


we have 


TiO (Gsch5 &sss) 
dQ = nL P(q tm dg, PM, we.) —F(qy ty oe)] (168). 
In these formulae, dq, dv, ..... are any assumed variables, no 


reference having been made to their magnitudes, and n any 
positive whole number conceived so as to tend to infinity. To 
show that these differentials need not be small, as also the ap- 
plication of the formula to the differentiation of ordinary scalar 
quantities, let 


a2 


y= 2; 
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then 


(y¥tAy=@tA2x); 


whence, as usual, 
Ay=2aA2+(Aa)’, 


or, n being a positive whole number, 
nAy=2anAe+rnri(nA2)*. 
If, now, the differences Ay and Az tend together to zero, 
while n increases and tends to infinity in such a manner that 


n Ax tends to some finite limit, as @, we have, for the other 
equimultiple n A y¥, 


nAy=2ea+ ne. 

But, since a, and therefore a°, is finite, r-'a? tends to zero, 
and, at the limit, n Ay=22a. Hence the limits of the equi- 
multiples n Aw and n Ay are respectively @ and 2a, and 
dxe=a, dy=2e2a by definition; from which 

dy = 2adx. 


For a vector function we should write 


a limit 


dp=_ 5.r[f(e+n“dp)—f(e)] . . (169), 
and for a scalar function, p= ¢ (¢), 
= _ limit Boyett s 
do=a[o]=,_ 2 6(t+2)—6@ | a ca 


in which letter ¢ and dé are independent and arbitrary scalars. 


64 As a further illustration of the definition, let 


p= (¢) 
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be the equation of any plane curve in space, and op = p (Fig. 64) 
a vector from the origin to a point P 


Fig. 64. 


of the curve ; ¢ being any arbitrary sca- 
lar representing time, for example; so 
that its value, for any other point p' of 
the curve, represents the interval 
elapsed from any definite epoch to the 
time when the point generating the 
curve has reached P! 
If p' be the vector to Pp! then 


p'—p=PPr'= Ap 


is strictly the finite difference between p and p, and, if the corre- 
sponding change in ¢ be At, 


pP'=(p+Ap)—p=Ap=4(E+At)— P(t) =A $(E); 


where op'= o(t+ At), and At is the interval from Pp to P! 

In $A t, p would have reached some point as P", for which 
op"= ¢(t++4At), on the supposition that pr" is described in 
$At. On the basis of this closer approximation to the velocity 
at Pp, P would have been found at p", had this velocity remained 
unchanged, such that 


pp"'= 2pp"'= 2(or"— op) = 2[o(t + $A t) — d(8)]. 


For a closer approximation to the vector described in A ¢ with 


the velocity at p, suppose at the end of 4A ¢ the point is at P'", 


for which or'’= ¢(t+4At). Under this supposition, the vec- 
tor described in A ¢ would have been 


pp''= 3 pp'"= 3(or'— op) = 3[¢(t+ 4A t)— $(0)], 


_ and, at the limit, representing the multiple of the diminishing 


chord by dp, 
imit . [ lt 
ee Ce ON 
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65. Resuming Equation (167), 


; limit " 
padfM=,_"Latridg—-Mg)), |, 
the second member may be written f(q, dq), but not, as ordi- 


narily, f(q) dq. 

In f(g, dq), dg may be composed of parts, as qf g", g!", +. 
with reference to which f(q, dg)=/(q, g@+tq" + «+ ) is distrib- 
utive. To prove this, let 


dg=q'+ 9"; 
we are to prove that 


GVHD) HIG DAMG V)- 


Since before passing to the limit, the second member of («) 
is a function of n, g and dg, we may express this function by 
the symbol f,(g, dg), and write 


F(q, dq) = n[ f(a + n-1 dg) — f(D IJ=fi(g aq), 


S(at+n7dq)=f(—) +n2"f,.(q, dq). 


or 


Replacing dq by q' and q" in succession, we have 


FOE) H=fQEnr frilGsd); 
FG Png) = fq) +a fe"), 


and, following the same law of derivation, 


SG Hn rg" t nr q*=Sq+ nrg") +n f(g tnr¢", ”), 
f(4 ee yg) n-'q") == f(g) + nF.(q, ga gaye 


from which 
In(Qs VEU) HAG PAA CG +2719", 9'), 


the limiting form of which, for n = %, is 


Fs PED) aI, OYTO. @) as 


ive) 


APPLICATIONS TO LOCI. 15 
which may, in like manner, be extended to the case of 

CAE IG ae bere [et intone 
It follows from the above that, if p= /(q, xdq), 


S(G, edg)=af(q,dg) . . . . (172). 


If Q=F(q,7, .....), whence, Equation (168), 

C= I Gs T5002), | 
_ limit BF argae: Pra, FB ; 
ML (qtn "dq, r+n "dr, .....) —F (GQ, 1, ils 


the last member will be a linear and homogeneous function of 
dq, dr, ....., and distributive with reference to each of them. 
Hence, to differentiate such a function, we do so with reference 
to each factor, and take the sum of the results obtained, as usual ; 
taking care, however, not to make use of the commutative prop- 
erty. Thus d(gr)=dg.7+qdr, but not rdg + qdr. 


66. When q is a function of any variable scalar ¢t, represent- 
ing time, for example, then, if ¢ be given a finite increment At, 


for which the corresponding one of ¢ is Aq, we have 


Aqg=AwtAwrw+Ayj+Azk; 


and, if the several parts of the quaternion vary continuously 
with the independent variable ¢, at the limit we may form, as 
‘usual, the differential coefficient 


OKG) ABO p, CHO MCW 3 tke 
= : eye 
din di e dt - dt” ea : 


The successive differential coefficients, as also the partial ones, 
when ¢ = $(t, v, .....), are derived from the quadrinomial form in 
the same manner. 
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67. Examples. 
1. To find dTq. 


aTq dVvwiet+y¥ shige 
dt at 


1 dw da dy = 
= — a cv— ) Qa 
Tq (w at 7 at oe dt - dt 
ee: re dq UKqTq¢ 
dq 
= lee — Il dt 
or 
dq 
aTq s ct 
dt Uq 


2. (Tp)? =—p’. 

The first member being a scalar, we have 
2 TpdTp. 

From the second member 


2 lir it 2 2 
A(p?) =, 4 ML (p +n dp)? — p?] 
= limit pdp +dp. p+ n (dp)? 


= pilp + dp « p= 28pdp. 
Equating 


TpdTp = — Sodp. 
From this we may obtain 


ay Stee 
p= 5 Ih} = = 
OT h e Up 


adTp dp 
T= 
Tp p 
3d. To find dUg. We have 
TqUq=4q; 
dTq .Uqg+dUq.Tq=dq, 


APPLICATIONS TO LOCI. 141 


whence 
avg . Ug , dU . Ty _ dg 
TqUq TqUg = q’ 
or 
dUq dq _ aTq 


Upe g, Virg: 
and, substituting from Ex. 2, 


aq _ ly _ 4, 


Ug «¢ qY 
ate if te 


or 
i) UG] ya - Ug. 
q 


4. From the above expressions for dTg and dUq, we have 
dq =dTq . Ug+ TqdU¢q 
lq dq 
=(s%+y)\u 
Graar ake 
q q 


as the form under which the differential of a quaternion may 


always be written. 


5. To find dUp. We have, from p= TpUp, 


dp =aTp . Up + TpdUp, 


poe ep 
= gle = ee from Ex. 2, 
p Up 


or 
Upp p p Comat. 


whence, also, 
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6. From the above expressions for dTp and dUp, 


V.d 
dp=dTp. ea ay ic 


'7. That S, V and K are commutative with d is seen from the 
following : 


q=S8q+ Va, 
whence 
dq = dSq + dVq, (cl) 
and, since dq is a quaternion, 


dq = Sdg + Vadq, (b) 


hence 
dSq=Sdq and dVq= Vdq. (c) 
Again 
Kg = Sq —Vq, 
whence 


dKg = dSq — dVq, 


and, taking the conjugate of dq in either (b) or (a), we have, 


with or without (c), 
dKg = Kdq. 


Oo (To)? = gkg. 


2TqdTq = ee n[(¢ +n "dq) (Kg + n-dKq) — Ka] 
= limit [dq(Kg + n~* Kdq) + qKdq] 
= dq. Kg + qKdq 
=K. gKdg + qkdq 


= 28. qKdqg=28 . Kqdq, [Equation (80)] 
or, since Tg = TKy and UKg = iter Le 
q Ug 


1 
dig = Sic Oe S . Uq-'dgq. 


If g= 4 vector, as p, then, since Kp = — p, this becomes 


dTp=—S. Updp, 
as in Ex. 2% 
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Sei q. 


pee limit 


foe ni(q+n“dq)? — 9°] 


rn=D 
= limit [gdqg +dq.qg+n7'(dq)*] 
= qdg+dq.q; 
. dr = 28qdq + 28qVdgq + 28dqvq. 


If g=a vector, as p, then Sy = 0, Sdqg= 0, and 
d(p’) =2 Spdp 


as In Ex. 2. 


iO. Vq. Then g=7°’, and, as before, 
dg=rdr+dr.7. 
Operating with rx and x Kr, in succession, 
rdq=7? dy +rdr . 7%, 
dq». Kr=rdr. Kr+dr.7rKr 


=rdr . Kr +(Tr)?dr, 
or, adding, 


rdg +dq.Kr=[7?+(Tr)*]dr + rdr(r + Kr) 
=[r?+(Tr)?+28r. rjdr, 


which gives dr = dVq in terins of dq. 


tmogs ==; | We have 
qd(q')+dq.q'=0. 
Operating with q7' x 
qgd(q"')+qr'dq.q*=0, 


rhe = —lag : i 
Y Y q 
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If g= a vector, as p, 
the =— Mage 
p pp 


12. Differentiate SUq. 
a 
dSUq = SdUq =8 - vrU [Exs. 7 and 3.] 
ge 
—— e q qd 
q 


dq T 


= S e 
qUVq 


VUq. 


13. Differentiate VUq. 
dq 
GV UG Vina UGi— Ve ae Ug [Exs. 7 and 3. ] 
= Valig Vid¢ .g™). 


14. Differentiate TVUgq. 


L(V 
aTVUy = ane [Ex. 2.] 
dq 
dUg ig 2 
=i a) aie 
dq 


* qUVg 
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The Right Line. 


As in Cartesian codrdinates, the form of the. equations of a 
right line, as of other loci, will depend upon the assumed con- 
stants, and in any given problem one form may be more con- 
veniently used than another. 


68. Right line through the origin. 


If o be the initial point, or origin, and p= or a variable vec- 
tor in the prolongation of « = oa, then 


pia Way. eo Re ce ee) GeeClago) 


is the equation of a right line through the origin in the direction 
of the constant vector a. 
The equations 


aie = 
ge eoseigs Sik owe & OLRGEL 
Vap = 0 i) 


obviously refer to the same right line. 

Since any line, represented as a vector by a, is parallel to 
p=%a, we may say that the above equations are those of a right 
line through the origin parallel to a given line; or, a being a 

fo) to} 5 »! fo) 
point given by a=oa, they are the equations of a right line 
through the origin and a given point. 
fo) f=) 5 


69. Parallel lines. ° 


If 8 = ox be a constant vector to a given point B, then 
PWS LO ated te ooo a ee ene) 


is the equation of a right line through a given point, and parallel 
to a given line, as p'= xa through the origin. Or, a being a given 
vector, it is the equation of a right line through a given point 
and having a given direction. If ais an undetermined vector, 
it becomes the general equation of any one of the infinite num- 
ber of right lines which may be drawn through a given point. If 
o and B coincide, 8 = 0, and, as before, p= aa. 
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a remaining the same, and f' = oz' being a vector to any other 
point xz} for the equations of two parallels, we have 


p=B+e) | ane 
Ae gee ; ee 


or, since a and p —f are parallel, 
Leal oe ai where ae aaa 
Va(p — f')=0 
70. Right line through two given points. 


If oa=a (Fig. 65), op=f are the vectors to the given 
points, and p the variable vector to any 


Fig. 65. point Rr of the line whose equation is re- 
ae rR quired, we have 
: AR = YAB = &(8 — a), 
y, and 
A OR = 0A + AR, 
6 or, for the required equation, 


p=a+2e(B—a) . (178), 
which, if one of the points, as A, coincides with the origin, 
becomes p = xB, as before. 

We have seen, Art. 55, that if SaBy = 0, a, B and y are com- 
planar. Replacing y by the variable vector p, 


Sal pa2 0) whey Ste 2 Ne BZD) 
is the equation of a plane, since it expresses the condition that p 
is complanar with a and 6. If we have also Sayp = 0, the two 


equations, taken together, represent the line of intersection of 
these two planes. 


These equations may be obtained from the line p = aa by ope- 
rating with S(VoZ) x and S(Vay) x ; or, conversely, to find the 
equation of the line in terms of known quantities, having given 


SaBp=0, Sayp=0, 
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write these latter under the form 
S.pVaB=0, S.pVay=0, 


whence it appears that p is perpendicular to both Va8 and Vay, 
and is consequently parallel to the axis of their product ; 
therefore 
p=yV . VaBVay 
= y(ySaBa— aSaBy) [Bq. (112)] 
=— yaSaBy, . 


or, putting — ySaBy = x, 


p=a. 


71. Right line perpendicular to a given line. 


1. Let 6=op (Fig. 66) be a vector through the origin. To 
find the equation of pc through its extremity Fig. 66. 
and perpendicular to it. Now p—6 is a D R C 
vector along pr, and therefore by condition 


S3(p — 5) =0. 
Whence S3p = —(TS)’, or 
Sio=c,aconstant . . ‘ Fees Golly, 
In order that p, p — 6 and 6 be complanar, we must have 
S . 8o(p —8) =0, 
S . (Vdp) (p —5) = 0. 


or 


2. p — 8, being perpendicular to both 8 and Vép, will be 
parallel to the axis of their product, or to V. 8Vdp. Hence, if 
y = 0c be a vector to any point ©, in the plane of op and pr, the 
equation of a right line through a given point c, perpendicular to 
a given line op, will be 


p=ay+aV.dVdy. - . . . (181). 
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3. If the perpendicular is to pass through the origin, then, 
from Equation (180), 


Sipz210 yer erate 


or, in another form, from Equation (181), y being parallel to 


V. dVoy, 
DELIV GONG ta ae Clogs 


4, The student will find it useful to translate the Quaternion 
into the Cartesian forms. Thus, from Equation (180), if Rop= 6, 


S3p = — TdTp cos6, 


whence, if 7 and d represent the tensors, 


TO COSO =3 05 (OF Oe, 
cos 6 
the polar equation of a right line. 


5. Equation (181), of a line through a given point and per- 
pendicular to a given line through the origin, may be otherwise 
obtained, as follows : 

Let y and 3, as before, be vectors to the point and along the 
given line, respectively, and 8 a vector along the required per- 
pendicular, whose equation will then be 


p=y+ap. (a) 
To eliminate 6 we have the conditions 
. $36 = 0, 
since 6 and @ are perpendicular to each other, and 
Sy66 = 0, 


since y, 6 and 8 are complanar. But Vdy is perpendicular to this 
plane, and therefore V. dVdy is parallel to 8; hence, substitut- 
ing in (a), 

p=y+2V. Voy, 
or simply 

p=y+2dVoy. 
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If Sy8B $0, y, 6 and @ are not complanar, and the problem is 
indeterminate ; which also appears from (a), by operating with 
x8. 06, whence, since 883 = 0, 

Spd = Syd, 
a result which is independent of 8, and an infinite number of 
lines satisfy the condition. 

6. If the line to which the perpendicular is drawn does not 
pass through the origin, let 

p=B+ aa (a) 
be its equation. Then, if p be the vector to the foot of the per- 
pendicular, we have Sa(p — y) = 0, or 

Sa(ea-+ 8 — 7) =0, () 
because the line is perpendicular to (a), or its parallela. Hence, 
from (0), 
va =a'Sa(y— Bf), 
or, for the perpendicular p — y, 
p—y= a+ B—y=a"'8a(y—B) —a7'a(y — 8) 
= —a'Va(y—£). 
Its length is evidently 


DUE Wats (a8 leon ine meen eae 


7. This perpendicular is the shortest distance from the point 
to the line. The problem may, therefore, be stated thus: to 
find the shortest distance from c to the line p=a#a2+. p being 
the vector to the foot of a line from c to any point of the given 


line, this vector is 
B+%a—y; 


and, in order that its length be a minimum, 


dT (8 +%a—y)=9 
=1(8 + 2a — y)dT(B + 2a — y) 
=—S[(8+ 2a —y)aldx=0, 
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S(B+%a—y)a=0, 
that is, the line must be perpendicular to p= aa + B. 


8. Ifthe perpendicular distance from the origin to p= 2 + v1 
is required, p, being as before the vector to the foot of the per- 
pendicular, coincides with it; hence, y being zero, and 6 repre- 
senting this value of p, 


O= &a-- B. 
Operating with x S . 6, since Sad = 0, 


— (TS)? = S86. 


Hence 
mp3 — 388 S . BT45US 
0S Ss 
Td u We) 
or 
TAS i 8 UO nsiad 203 OE Peel Sole 


72. We are to observe that the foregoing equations of a right 
line are, as remarked in Art. 60, all linear functions involving, 
explicitly or implicitly, a single real and independent variable 
scalar. Such is evidently the case for such equations as 


p= ta, [Eq. (173) ] 
p=B+ 22, [ Eq. (175) ] 
ah SON [Bq. (178)] 


So also for the implicit forms, as Vap = 0 [Eq. (174) ]; em- 
ploying the trinomial forms 


a=ai+tbj+tekh, 


p=xei+yj+ek, 
we have 


ap = (bz — cy)i + (ca — az)j + (ay — bx) k — (ax as by + cz). 
- Whence 


Vap = (bz — cy)i + (cw — az)j + (ay — bx) k= 0; 
Roe (iy =e CH = Az, ay = bx, 


in which w and y are functions of z. 
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The Plane. 


73. Equation of a plane. 


1. If, in the equation S . 68 =0, which denotes that 6 is per- 
pendicular to 6, we replace 8 by the variable vector p, 


CA dacs te ax! aaioor to eC ECON 


is the equation of a plane through the origin perpendicular to 6. 


2. Or, let d= op (Fig. 66) be the vector- Fig. 66 (bis). 
perpendicular on the plane, and pr any line __bD Reel 
of the plane. 

Then 

S3(p —5) = 0, 
S3p = 6’? = — (TS)?, 
or 


Sop =¢, aconstant . . (187) 


is the general equation of a plane perpendicular to 6. Here pr 
is any line of the plane; and, if Vdp =«, 


S<p = an indeterminate quantity . . . (188). 


If the plane pass through the origin, we have, as before, 
S3p=0. Conversely, if S3o =c is the equation of a plane, 6 is a 
vector perpendicular to the plane. 


3. The equation of a plane through the origin perpendicular 
to 6 may also be written in terms of any two of its vectors, as 
y and B; 

p= xB + yy: 

Both of these indeterminate vectors may be eliminated by 

operating with 8S . 6 x, whence 


Gee6 


as before; or one may be eliminated by operating with V. 8 x, 


whence 
VBp = 28, 
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from which we may again derive Sdjo=0 by operating with 
Vicro X * fOr 
V.. 6VBp = Vzo= 0 


= pS38—BS3p,  [Eq. (111)] 
whence, since Sd8 == 0, Sip = 0. 


4. The equation of a plane through a point sp, for which 
op = B, and perpendicular to 6, is 


SG By 0) Tie ee eee 


5. Having the equation of a plane, S3p=c, to find its dis- 
tance from the origin, or the length of p when it coincides with 
5, we have p = 25; hence 


Sip = ¢ = Susi = w3?, 


or 
are 
De 
which, in p = #8, gives 
c 
Bi 5” 
or 
Tp =— (190) 
pe TD 


74. To find the equation of a plane through the origin, making 
equal angles with three given lines. 


Let a, 8, y be unit vectors along the lines. The equation of 
the plane will be of the form 


Soe 


By condition, Sad=S8@5=Syd=Tdsind=x, being the 
common angle made by the lines with the plane. 
Hence 


sing =—. 


oO 
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To eliminate 8, we have, from Equation (118), 


dSaBy = VaBSyd + VBySad + VyaS,9, 
and, by condition, 
dSaBy = x(VaB + VBy + Vya). 


The vector represented by the parenthesis is, then, the per- 
pendicular on the plane, whose equation, therefore, is 


Sp(VaB + VBy+Vye)=0. . . . (491), 
and the sine of the angle ¢ is 


SaBy 
T(Va8 + VBy + Vya) 


75. Equation of a plane through three given points. 


Let a, 8, y be vectors to the given points; then are the lines 
joining these points, as (a — 8), (@ —y), lines of the plane. If 
p is the variable vector to any point of the plane, p —a is also a 
line of the plane. Hence 


S(p —a)(a— 8) (BR —y)=0, 
or 


S(paB — pay — pB’ + pBy — o°B + a°y + af? — oy) = 0. 


But 
S(— pB’)=9, S(—a’f)=9, ete., 
S(— pay) = Spya=S8 . pVya, 
SpaB=S8 . pVaf, etc., 
hence 
S. p(Va8+VBy + Vya)—SaBy=0 . . (192), 


which, by making the vector-parenthesis = 6, may be written 


under the form 
Spd — SaBy = 0, 
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in which 6 is along the perpendicular from the origin on the 
plane. When p coincides with this perpendicular, p = 205, ands 
from the above equation, 

xo? = SaBy, 


or, for the vector-perpendicular, 


¥ SaBy 

= 20=0 : Sa >= 

P eRe Ge ee 
76. We observe again, from inspection of the equations of a 
plane, that, as remarked in Art. 60, they are linear and fune- 
tions of two indeterminate scalars. Thus, for a plane through 
the origin 
Sdp = 0, [Eq. (186) ] 
employing the trinomial forms d=ai+bj+ck and p=wi+uj+zk, 

we obtain 


dp = (bz — cy)i + (cu — az)j + (ay — ba)hk — (ax + by + cz), 
the last term of which is the scalar part; hence 
axe + by +cz=0, 
the equation of a plane through the origin 0, perpendicular to a 
line from o to (a, b, ¢), which may be written f(a, y, z)=0; 


or as a function of two indeterminates. In the same way, from 
an inspection of the other forms, 


p= tat yf, [Art. 73, 3] 
p=5 +a + yf, 
Sdo —c' = aw + by +cz —c'=0, [Eq. (187) ] 


we observe they are linear functions of two indeterminate scalars. 


77. Exercises and Problems on the Right Line and 
Plane. 


1. Band y being vectors along two given lines which intersect 
at the point a, to which the vector is oA =a, to write the equation 


of a line perpendicular to each of the two given lines at their 
intersection. 
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Vy is a vector in the direction of the required line, whose 
equation, therefore, is 
SSO OV By ol wil 6 ot awctdoony 
If a'=0a' be a vector to any other point, as a} then is 
p=a' +aVBy 
the equation of a line through a given point perpendicular to a 
given plane; the latter being given by two of its lines. 

2. a and B being vectors to two given points, A and B, and 
S3p=c the equation of a given plane, to find the equation of w 
plane through a and B perpendicular to the given plane. 

6, p—a and a—f are lines of the required plane, hence 


SG ae Bh 0, 
Sp(a—fB)d+S8aBd=0. . . . . (194) 


is the required equation. 


or 


3. oc=y being a vector to a given point c, and p=a+ xP, 
p=a'+2'B' the equations of two given lines, to write the equation 
of a plane through c parallel to the two given lines. 

If lines be drawn through the given point parallel to the given 
lines, they will lie in the required plane. As vectors, 8 and pf’ 
are such lines, and p — y is also a line of the plane. Hence ~ 


SG3 "(a= 71) 200 ee aes GOO) 
is the required equation. If y=a, or a’, it is the equation of a 
plane through one line parallel to the other. Or, if y is inde- 
terminate, the general equation of a plane parallel to two given 
lines. 
Otherwise: the equation of a plane through the extremity of 
y parallel to two given lines, whose directions are given by 
a and 8, is evidently p=y+2a+ yf. 
4. To find the distance between two points. 
a and 8 being vectors to the points, 
Y= B eels 
Squaring 
?=F+a?—2ab cose. 
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5. A plane being given by two of its lines, B and y, to write 
the equation of a right line through a perpendicular to the plane. 


Let oA =a. Draw two lines through a parallel to B and y. 
Then 
p=a+aVBy . . . ° ° . CEI6ie 


If the plane is given by the equation S3p = c, then 
PSO 5 noe See a wee ulanre 
6. Find the length of the perpendicular from a to the plane, 
in the preceding example. 
Operating on Equation (197) with 8.8 x 
Sdp = Sda + #3? = c, 
or 


ao? = ¢ —.Sda 3 
sos O00 (Gia Sa jeu. arene eee eaten 


w~ 


7. Sd(p —B)=0, Equation (189), being the equation of a 
plane through » perpendicular to 8, to find the distance from a 
point © to the plane. 


Let y=oc. The perpendicular on the plane from c, being 
parallel to 8, will have for its equation 


p=y+x. 
To find x, operate with 8 . 6 x, whence 
Sdp = Sdy + «3?, 
or, from the equation of the plane, 


Sdy + a3? = S38; 
“, @ = —d783(y— 8B), 


and 
“ys Wa) — TS" S5(y — B)=S[U8.(y— Bile 


8. Write the equation of a plane through the parallels 


a + xB, 
p=a'+ vf. 
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9. Write the equation of a plane through the line 
p=ata8 


perpendicular to the plane 
Sdp = 0. 


10. Given the direction of a vector-perpendicular to a plane, 
to find its length so that the plane may meet three given planes in 
a point. 

Let 5 be the given vector-perpendicular, and 


Sap=a, SCp=b, Syp=c 


the equations of the given planes. If the equation of the plane 


be written 
Sip = 2, 


then « must have such a value that one value of p shall satisfy 
the equations of all four of the planes. From Equation (118) 


we have 
pSaBy = VaBSyp + VBySap + VyaSBp 
= cVaB + aVBy + bVya. 


Operating with S . 8 x, to introduce a, 
xSaBy = cSdaB + aSdBy + DSdya. 
11. To find the shortest distance between two given right lines. 


Let the lines be given by the equations 


p=a+ap, (a) 

p=a'+a'B! (db) 

The equation of a plane through either line, as (b), parallel to 
the other (a), is [Equation (195) ] 

$88" (p — a’) = 0. (c) 

V6f' is a vector-perpendicular to this plane. Hence, if yV8f' 


be the shortest vector distance between the lines, we have, since 
a —a’— yVBB' is a vector complanar with 8 and B; 


SBB'(a — a! — yVBB") = 0, 
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or 


S(S6B' + VBB") (a — a'— yVBB') =0, 
— y (VBB')* + S[VBB'(a — a’) J=0; 
or, dividing by T(VGP’), 
T(yVG8')= TS[(a—a')U(VBB')]. . . (199), 


the symbol T denoting that only the positive numerical value of 
the scalar is taken. 
Otherwise: since the distance is to be a minimum, 


whence 


aT (p'— p) = 0, 
S(p'— p) (Bidx'— Bdx) = 0, 
S(p'—p)B=0 and S(p'—p)f'=0, 


or the shortest distance is their common perpendicular, whose 
length may be found as above. 


whence 


or 


12. Given 83, p = d, and Sd:p = dy, the equations of two planes, 
to find the equation of their line of intersection. 
This equation will be of the form 


p = M6, + Noy + @V8, 5. (a) 
To find m and x, we have, from (a), 


S3, p = mo? aa 28d, Obs 
Sd. p = Nd." + m$d,6o5 
from which we obtain 
Gite $d, p == N89; do me SS, = NO.” = 
“2 52 PRR T OO ce ee 
a Sd; do 85, por by SS, p 
(88,5)? — BBP 


— 


But 
($8, 5,)? — 8,75,? = (V8, 8,)?; 
fe 85,5, — dy Oe 
(V6, 6,)? 
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And similarly 
d, $3, 5, — d,8" 
CYS ee 
Substituting these values in («) 
dl, Sd; 55 ae dy Ot of dy $5, do soa d, Oe 
Weta CVOmoet Oe (V6.8)? 


n= 


5 + 2V6, 82, 


which is the equation of the required line, a less useful form than 
those of the two simple conditions of Art. 70. 

If the two planes pass through the origin, then also does their 
line of intersection ; and since every line in one plane is perpen- 
dicular to 6,, and every line in the other to 6, Vd,3, is a line 
along the intersection, as in (@), and the equation becomes 


joss vVd, Oo ° ° . ° ° . (200) . 
13. The planes being given as in Equation (189), 


$3 (p—B)=0, («) 
S3'(p — B') = 0, (0) 
to find the line of intersection. | 


The vector p to any point of the line must satisfy both («) 
and (b). This vector may be decomposed into three vectors 
parallel to 6, 8’ and V88, which are given, and not complanar, 
by Equation (118); whence 

pS . 88'Vd8' = SpdV(d' . Vdd") + Spd'V(Vdd' . 5) + S(pV53') V39"" 
or, from (a) and (0), 

— p(TV80')? = SSBV(5' . V83') + S3'B'V (VS5' . 8) + 853'p V8", 
or, since $38'p is the only indeterminate scalar, putting it equal 
to «, we have 

— p(TV88')? = SdBV(d' . Vdd’) + Sd'B'V(V6s' . 8) + wVd0. 

If the planes pass through the origin, in which case B and B 
are zero, we have, as before, 

p = xVos. 


U 
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14. To write the equation of a plane through the origin and 
the line of intersection of 


$3 (p — 8) =0, (a) 
$3(p—f')=0. (2) 


If p is such that Sdp = 838, then also $3'p = $3’; and both the 
above equations will be satisfied. Hence, from (a) and (0) 


S3p83'B'— S3BS8s'p = 0, 
which is also a plane through the origin. This equation may 
also be written 
S [ (683'B' — 3'S3B) p] = 0, 


685'B' — 3'S3B 


which shows that 


is a vector-perpendicular to the plane, and therefore to the line 
of intersection of (a) and (0). 


15. To find the equation of condition that four points lie in 
a plane. 


If the vectors to the four points be a, B, y, 3, then, to meet 
the condition, j 


d—a, 6—B, d—y 
must be complanar, and therefore 
S(5—a)(8—8)(8—y)=0, 
SdBy + Sady + §aZs = Sa6ya oS. cones (201), 


whence 


which is the equation of condition. 
Or, « and y being indeterminate, we have also 


d=a+a(B—a)+y(y—B), 
d+(e—1)at+(y—a)B—yy=0, 
1+(@—1)+(y—2)—y=0. 


or 


and 
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Or, in general, 
al ace ome 
day ee a oan nie 
atb+te+d=0 Ge), 


are the sufficient conditions of complanarity. 
These conditions are analogous to Equation (9). 


16. Given the three planes of a triedral, to jind the equations 
of planes through the edges perpendicular to the opposite faces, 
and to show that they intersect in a right line. 


Taking the vertex as the initial point, let 


Sap = 0, (c) 
Sp = 0, (2) 
Syp = (¢) 


be the equations of the plane faces. Then Vaf is a vector par- 
allel to the intersection of (@) and (b), and VY. yVaf is a vector 
perpendicular to the required plane through their common edge. 
Hence the equation of this plane is 


S(pV. yVaB) = 0. (a') 
Sunilarly, or by a cyclic change of vectors, 


S(pV. aVBy) == ()), (0') 
S(pV. BVya) = 0 ) 


are the equations of the other two planes. 
If from their common point of intersection normals are drawn 


to the planes, then are V. yVa8, V.aVfy and V. BVya vector 
lines parallel to them ; but, Equation (123), 


V(yVaB8 + aVBy + BVya) = 0. 


Hence these vectors are complanar, and the planes therefore 
intersect in a right line. 
Otherwise: from Equation (111) 


V(aVBy) = ySoB — Say ; 


162 QUATERNIONS. 
hence, from (0'), 
S(pySaB — pBSay) = SaBSpy — SaySpB = 0. 
Similarly, or by cyclic permutation, 


SBySpa — SBaSpy = 0, 
SyaSp6 — SyBSpa = 0. 


But the sum of these three equations is identically zero, either 


two giving the third by subtraction or addition. 


17. To find the locus of a point which divides all right lines 
terminating in two given lines into segments which have a com- 


mon ratio. 


Fig. 67. 4 Let pa and p's (Fig. 67) be the two 


given lines, a and 8 unit vectors parallel 


D 
to them, BA any line terminating in the 
0 z given lines, and r a point such that 
=) RA = mBR. Assume pp’, a perpendicular 
B . ° . . 
to both the given lines, 0, its middle 
point, as the origin, and op = 6, op'=— 8, or=p. ; 
Then 
OA=p+RA=8+ 2a. 
OB =p+rRB=—d+ yf. 
Adding 
2p+RA+ RB=2a+ yf. (a) 
But 
x Z m1 m—1 ’ 
RA + RB = ———RA = ———(—p+6+4 2a), 
am m 
which substituted in (a) gives 
p—S—®a=m(yB—p—d), (dv) 


whence, since $38 = Sda = 0, 
SSo(m + 1)=&(1—m)=c, 


or the locus is a plane perpendicular to pp!. 
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If the given ratio is unity, or BR = RA, then m=1 and 
Sdp = 0, 


and the locus is a plane through 0 perpendicular to pp’. 
Ifa and B are parallel, then (0) becomes 


p—d=m(2'a—p—S), 

whence 
S5o(m + 1)=(1 — m)&, 

a right line perpendicular to pp. If at the same time m= 1, 
Soe 0). ands p =a, 


a right line through the origin parallel to the given lines. 


18. If the sums of the perpendiculars from two given points on 
two given planes are equal, the sum of the perpendiculars from 
any point of the line joining them is the same. 

Let a and B be the given points, oA =a, op = f, and Sdp=d, 
S3'p = d' be the equations of the planes; 6 and 8! being unit 
vectors, so that #5 and yd! are the vector-perpendiculars from A 
on the planes. Then 


C= Sad m= d, 
Y= Sad! — d} 
and 
e+ y =82(6 + 0')—(d+d’). 
Similarly 


w'+ y'= 8$8(d+ 5')—(d+ cd). 
But, by condition, 
Sa(d + 6‘) = S$B(6 +3), 
S(B—a)(d8+6)=0. (a) 


The vector from o ‘to any other point of the line Ap is 
a+z(8—a); whence, for this point, 


ol + y"=S[a+x(B—a)](5+5) (+a), 


or 


for which point, since (@) remains true, the sum therefore is 
unchanged. 
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19. To find.the locus of the middle points of the elements of an 
hyperbolic paraboloid. 
Let the equations of the plane director and rectilinear direc- 
trices be 
Sdp = 0, 
p=atzpB and p=a'+a'p! 


Also, let om = p» be the vector to the middle point of an ele- 
ment so chosen that the vectors to the extremities are a+ 2G 
and a'+ 2/8. Then, since m is the middle point, 


2Qup=a+e8B+a'+a'B. (a) 

The vector element is 

—x'B'—a'+a+28, 
and, being parallel to the plane director, 
$3(— a’ +a+2x8 —2'B')=0. 

This is a scalar equation between known quantities from which 
we may find a’ in terms of «; substituting this value in (a), we 
have an equation of the form 

B=, + 2h, 


or the locus is a right line. 


20. If, from any three points on the line of intersection of two 
- planes, lines be drawn, one in each plane, the triangles formed 
by their intersections are sections of the same pyramid. 


The Circle and Sphere. 
78. Equations of the circle. 


The equation of the circle may be written under various 
forms. Ifa and £ are vector-radii at right angles to each other, 
and Ta = TB, we may write 


p=cos?.a+sind.B. . . . (203), 


in terms of a single variable scalar 6. 
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Ifa and £ are unit vectors along the radii, 


os. if 
p=%a+ ¥8, 
or, since 2? ++ 7?=7", 


Pee Ge ete ete sy (204s 


The initial point being at the center, 


Tp = Ta 

Toe 1 : (205) 
a ® 

Pp = —7 J 


are evidently all equations of the circle. 

Ifo (Fig. 68) be any initial point, c the center, to which the 
vector 0oc=y, p the variable vector to 
any point Pp, cP =a, then 


Fig. 68. 


ES fleets 


(p—y)’=—r. . (206), 
the vector equation of the circle whose 
radius is 7. 

IfTy =c, it may be put under the form 4 


whence 


TW A Viglen Gal aos) et eae me ee 30,1 
If the initial point is on the circumference, we still have 
(p —y)?=—7°; but y =—-?”, hence 
Pica Sey= 0% i. 2) Bice (2038); 
or, since in this case Spy = Spa, 


Pepe =A08 i, le Me et A209). 


79. Equations of the sphere. 


This surface may be conveniently treated of in connection 
with the circle ; for, since nothing in the previous article restricts 
the lines to one plane, the equations there deduced for the circle 
are also applicable to the sphere. 
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Another convenient form of the equation of a sphere is 
(Fig. 68) 
; Pippy To. 6 a Se ae (IO, 


the center being at the extremity of y and Ta the radius. 


80. Tangent line and plane. 


A vector along the tangent being dp, we have, from Equation 
(203), 
dp =—sin@.a+cosé. B, 


@ 


and for the tangent line 7 = p + adp, 
7=cosd.a+sind.8+x[—sind.a+cosd. 8] (211), 


where z is any vector to the tangent line at the point corre- 
sponding to 6. 
From the above we have directly 


Spdp = 0, 


or the tangent is perpendicular to the radius vector drawn to the 
point of tangency. 
By means of this property we may 


B write the equation of the tangent as 
SNe follows: let x be the vector to any point 
of the tangent, as B (Fig. 69), c being 

the initial point and p the vector to P, 


p/ . the point of tangency. Then 
Sp( — p) =0, 
whence 
Spr = —” | 
or | 
f \ (212), 
S-=1 | 
P 


are the equations of a tangent. Since nothing restricts the line 
to one plane, they are also the equations of the tangent plane to 
a sphere. 


an 
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The’ above well-known property may also be obtained by 
differentiating Tp = Ta; whence, Art. 67, 2, 


Spdp = 0, 
and therefore p is perpendicular to the tangent line or plane. 


81. Chords of contact. 


In Fig. 69 let cs = £8 be the vector to a given point. The 
equation of the tangent Bre must be satisfied for this point ; 
bence, from Equation 212, ; 


Sfp =—?”, 
SBr eS gee ae aaa wane (213), 


or 


which is equally true of the other point of tangency p; and being 
the equation of a right line, it is that of the chord of contact pr! 
And for the reason previously given, it is also the equation of 
the plane of the circle of contact of the tangent cone to the 
sphere, the vertex of the cone being at B. 


82. Exercises and Problems on the Circle and the 
Sphere. 

In the following problems the various equations of the plane, 
line, circle and sphere are employed to familiarize the student 
with their use. Other equations than those selected in any 
special problem might have been used, leading sometimes more 
directly to the desired result. It will be found a useful exercise 
to assume forms other than those chosen, as also to transform 
the equations themselves and interpret the results. Thus, for. 
example, the equation of the circle (209), 


p’ — 2Spa = 0 
may be transformed into 


Sp(p —2a)=0, 
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which gives immediately (Fig. 70) the property of the circle, 
that the angle inscribed in a semi-circle is 
a right angle. Obviously, this includes the 
case of chords drawn from any point in a 
sphere to the extremities of a diameter, and 
the above equation is a statement of the prop- 
osition that, p being a variable vector, the 
locus of the vertex of a right angle, whose 
sides pass through the extremities of a and 


Fig. 70. 


—a, is a sphere. 
Again, with the origin at the center, we have (Fig. 71), 
(p+a)+t(a—p)=2a, 4 
Fig. 71. 
and, operating with x 8. (p—a), 


S(p +4) (p—a)=0; 


.. Pis aright angle. This also follows from 
Tp=Ta, whence p’=a? and S(p+a) (p—a)=0. 
Again, from Tp = Ta, 


T(p+a)(p—a)= 2TVap. 


The first member is the rectangle of the chords pp, pp! (Fig. 71), 
and the second member is 


20D . OP SiNDOP. 


Hence the rectangle on the chords drawn from any point of a 
circle to the extremities of a diameter is four times the area of 
a triangle whose sides are p and a. 

Also, from Tp = Ta, 


12 a2 e 
p sh 5 


-*« S(p'+ p) (p'— p) = 9. 


But p'—p is a vector along the secant, and p'+ p is a vector 
along the angle-bisector; now when the secant becomes a tan- 
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gent, the angle-bisector becomes the radius; therefore the radius 
to the point of contact is perpendicular to the tangent. 


1. The angle at the center of «a circle is double that at the cir- 
cumserence standing on the same arc. 


We have 
Tp=Ta, 
and therefore, Art. 56, 18, 


p=(p+a)~'a(p +a), 
whence the proposition. 


2. In any circle, the square of the tangent equals the product 
of the secant and its external segment. 
Fig. 69 (bis). 


In Fig. 69 we have “= 


B 
CB =cP + PB, coat 
2 ae 2 
7 OBe=OPs PBs. 
or 
PB’= CB’— OP” oP 


= CB’—cp’, as lines, 
= BD. BD. 


3. The right line joining the points of intersection of two circles 
is perpendicular to the line joining their centers. 

Let (Fig. 72) cc'=a, cP=p, ce'=p', and r, r’ be the radii 
of the circles. Then 


p=—?, Fig. 72. 
(p pas a)? =—rl?; Pp 
also 
(a= a)? eyes 
Hence 
Spa = Sp Oy 
or = 
Sa(p — p!) =0; 


hence pr! and cc! are at right angles. 
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4. A chord is drawn parallel to the diameter of a circle; the 
radii to the extremities of the chord make equal angles with the 
diameter. 

If p and p' be the vector-radii, 2a the vector-diameter, then 
ava = the vector-chord, and 


(p'— aa)? SSeS es 
(p+ aa)? =— 1°, 


whence the proposition. 


5. If asc isa triangle inscribed in a circle, show that the vector 
of the product of the three sides in order is parallel ¢ to the tangent 
at the initial point. [Compare Art. 55. ] 


If an=£, cA=y, and 0 is the center of the circle, then 


—V(aBp.Bo.ca)=V.B(B+y)y 
=V(fh’7+ By’) 
=fy+yB. 


Or, c and B being points of the circumference satisfying 
p?—2S8pa=0 [Eq. (209)], substituting and operating with 
S.axX 


S.aV(AB . BC. CA) = 28aLSay — 2 SaBSay = 0. 


Hence V(AB . BC . CA) is perpendicular to a, or parallel to the 
tangent at a. 


6. The sum of the squares of the lines from any point on a 
diameter of a circle to the extremities of a parallel chord is equal 
to the sum of the squares of the segments of the diameter. 


Let pe’ (Fig. 73) be the chord parallel to the diameter pp’ 
Fig. 73. o the given point, and c the center of the 
pr olrcle-. et cpp, Cr! = al 70 = a, Ob —G 


Beet eS. 
“Wa and op'= £6! Then 
D D! 


op? = — = — (a? + 28ap + p?), 
op”? = — BP= —(a? + 2Sap'-+ p'?) ; 
. OP? + op!’ = 200? + 2 pc”? — 2(Sap+Sap'). 
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But 
S(p —p') (p+ p')=S(p + p')aa = 0. 
Therefore 
Sap + Sap' = 0, 
and 


op’ + op” = po”? + op”. 


‘. To find the intersection of a plane and a sphere. 


Let p? =— 7° be the equation of the sphere, 8 a vector-perpen- 
dicular from its center on the plane and Té=d. Then, if @ be 
a vector of the plane, 


p=o+ 8. 
Substituting in the equation of the sphere, since $85 = 0, we 
have : 
P=—(r—a’), 


the equation of a circle whose radius is V7? — d?, and which is 
real so long asd<r. 


8. To find the intersection of two spheres. 


Let the equations of the given spheres be (Eq. 207) 


p’ — 28py =e — 7”, 


pt2 


p’ — 2Spy'=c? —7 
Subtracting, we have 
2S8p(y — y') = @ constant. 


The intersection is therefore a circle whose plane is perpen- 
dicular to y— y} the vector-line joining the centers of the spheres. 
Assuming (Eq. 210) 


T(p —y)= Ta and T(p —y')= Ta} 


show that 2Sp(y— y') = @ constant, as above. 
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9. The planes of intersection of three spheres intersect in a 
right line. 


Let y', y", y'" be the vector-lines to the centers of the spheres, 
and their equations 
pS <E2 2 Spy’ — ce, 
p ==) Spy" — cls 
e 5) Spy'"= ol! 
The equations of the planes of intersection are, from the pre- 
ceding problem, 


28p(y7'—y'"') =e" —e" . (a) 
9 Sp (y' — alll) — — Ch, (d) 
28p(y"— y'") = cll CLs (c) 


Now, if p be so taken as to satisfy (a) and (b), we shall 
obtain their line of intersection. But if p satisfies (a) and (bd), 
it will also satisfy their difference, which is (c); the planes there- 
fore intersect in a right line. 


10. To find the locus of the intersections of perpendiculars from 
‘a fixed point upon lines through another fixed point. 


Let p and pv’ be the points, pp’=a, and 8 a vector-perpen- 
dicular on any line through Pj} asp=a+wzf. Then 


s=a+y8, 
and operating with 8 . 6 x 
0° = Sda, 


which is the equation of a circle (Eq. 209) whose diameter is PP! 


11. From a fixed point pv, lines are drawn to points, as 
ROP Rus of a given right line. Required the locus of a point o 
on these lines, such that pr’. PO =m’. 


Let the variable vector PoO=p; then rr’=ap. By the condition 
T (PEs) PO anes 
or 
Tipp) =) as 
tp" = —m?. 
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If 3 be the vector-perpendicular from Pp on the given line, 


and Td=d, 
S5(w — d)=0, 
or 


hence the locus is a circle through pP. 


12. If through any point chords be drawn to a cirele, to find 
the locus of the intersection of the pairs of tangents drawn at the 
points of section of the chords and circle. 


Let the point a be given by the vector 0A =a, 0 being the 
initial point taken at the center of the circle. Let p'=or be 
the vector to one point of intersection r. The locus of R is 
required. The equation of the chord of contact is (Eq. 213) 


Solo = — 7”, 
which, since the chord passes through a, may be written 
Sola = — 7”, 


where a is a constant vector. The locus is therefore a straight 
line perpendicular to oa (Eq. 180). 


13. To find the locus of the feet of perpendiculars drawn through 
a given point to planes passing through another given point. 


Let the initial point be taken at the origin of perpendiculars, 
a the vector to the point through which the planes are passed, 
and 6 a perpendicular. Then 


$3(5 — a) =0, 
or 
oY = oh =0) 


is true for any perpendicular. Hence the locus is a sphere whose 
diameter is the line joining the given points. 
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Otherwise: if the origin be taken at the point common to the 
planes, and the equation of one of the planes is Sip = 0, then 
the vector-perpendicular is (Eq. 198) 


Ot Sda, 
and, if p be the vector to its foot, 
p=a—9d'Sda, 

or 

p—a= —0d7'Sda, 
whence 

(p—a)*= 8°*(Sda)’, 

and 


Sap — «? = — §-?(S3a)*, 
Adding the last two equations 
p’ — Sap = 0, 
or 
T(p— 3a)=Tha, 

which is the equation of a sphere whose radius is T= and center 
is at the extremity of or whose diameter is the line joining 
the points. 

14. To find the locus of a point Pp which divides any line os 
drawn from a given point to a given plane, so that 


ORT s OS'== 1105 (Ar CONSTR ns 


Let op = p and os =; also let Sia =c be the equation of the 
plane. We have, by condition, 


TpTo =m, 
and 
Up= Uc; 
. To = is 
Tp 
and 
__ mUp 
=n 
mp 
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Substituting in the equation of the plane 
mSdp + cp? = 0, 


which is the equation of a sphere passing through o and having 


m ; 
— for a diameter. 
OD 


15. To find the locus of a point the ratio of whose distances 
from two given pornts is constant. 


Let o and a be the two given points, oA =a, OR=p, R being 
_ a point of the locus. Then, by condition, if m be the given 
ratio, 

T(p—a)=mTp, 


whence 
p— 2Spa + o = mp’, 
(1 — m?)p? = 2 Sap — a? id 
"7p 
= 2Sap — ———a’ 
ee 
or 
2 2Sap a m? a” 


0 ae (1— mm)? Cm)” 


Atel . ee ue =) 
(> il =} 1—m 


which is the equation of a sphere whose radius is T 


m 
a, and 


2 


a. (Eq. 210). 


whose center c is on the line 0a, so that oc = , 


ie 


16. Given two points a and B, to find the locus of vp when 
AP” + BP? = OP”. 


oO being the origin, let 0A =a, 0B =8, OP=p. Then, by 
condition, 


p’=(p—a)’+(p—B)’, 


p? — 2S8p(a+ 8) =— (0? + B”), 
[p—(a+f)]?=2808, 
T[p —(a+ B)] = V— 2808, 


whence 
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which is the equation of a sphere whose center is at the extremity 
of (a+), if Sa8 is negative, or the angle aos acute. If this 
angle is obtuse, there is no point satisfying the condition. If 
AoB = 90°, the locus is a point. 


83. Hxercises in the transformation and interpretation of 
elementary symbolic forms. 


1. From the equation 
(p +2)" =(p —a)? 


derive in succession the equations 


a 


T(p+a)=T(p—a) and Abe 


get 
p—a 
and state what locus they represent. 
2. From the equation 
K? ews =O 
a Qa 
derive symbolically the equations 


p 2 
ap + pa=0, S-=0, su£=0, (vf) =—1, and TVUS=1, 


and interpret them as the equations of the same locus. 


3. Transform 


to the forms 
5 ond este TS 
and interpret. S id p 


= py aep 


4. Transform se =0 to S-=S§-=, and interpret. 
a a 


5. Transform (p—f)?’=(p—a)? to T(p—fB)=T(p—a), 
and interpret. 


6. What locus is represented by Ke Soe 
a 
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=] 


7. What by (ty Sl By (ey = —a? 


8. What by U2 =u? Up = Uf? U5st? 


16. 


LUFiic 


a 


Pe yee 

a a 

ut} aul? 

Qa Qa 

ye—8_o? ve ve? 

ye =o? 

a 

e729 

a a 

sue —su2? sul——su?: (su£)'=(su2) » 
a a a Q . a 

Worle 


Transform (p — a)? =a? to T(p —a)=Ta, and interpret. 


Under what other form may we write (p — a)?=(B—a)?? 


Of what locus is it the equation? 


18. 


pta?=0? p?+1=0? Translate the latter into Car- 


tesian codrdinates, by means of the trinomial form, and so deter- 
mine the locus anew. 


i), 


20. 
21. 


22. 


bw 


23. 


24, 
What plane? 


; y 
T(p—6)=T(B—a)? 

1 a p a. * ~ 
Compare Buy, = i and i = 1 with the forms of Ex. 3. 


What locus is represented by SBp + p?=0 when TG = 1? 


@e (vey = 1? 
a a 
¢ ey Nie 

a 


Show that V. Va@Vap=0 is the equation of a plane. 
PRG (it2)). 
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The Conic Sections. 
Cartesian Forms. 
84. The Parabola. 
Resuming the general form of the equation of a plane curve 
p= wa + yf, 


from the relation 7? = 2 pz, we obtain 
yf 
Papp ee . . . . . . (214) 


for the vector equation of the parabola when the vertex is the 
initial point. If the latter is taken anywhere on the curve, from 
the relation 7? = 2 p'a, we obtain 


uo : 
p= fe ne eae ee Ge. vein are, CONS 


and if the initial point is at the focus, then 7? = 2px + p” gives 


Le 2 
P=— OY =P a+ UB: eo 2 (286) 
2p 


or again, in terms of a single scalar ¢, 


p=5a+iB hop ee ae 


In Equations (214), (215) and (216), a and B are wnit vectors 
parallel to a diameter and tangent at its vertex, being at right 
angles to each other in Equations (214) and (216); in Equation 
(217) a and B are any given vectors parallel to a diameter and 
tangent at its vertex, the initial point being on the curve. 


85. Tangent to the parabola. 


From Equation (216) we have for the vector along the tangent 
(Art. 62) 


y 
pit 
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and, therefore, the equation of the tangent is 


ek the Ae 7(¥ 
=o Paty +¥( 40+.) *. @18)- 


From Equation (217) the vector along the tangent is 
ta + B, 


and the equation of the tangent is 
w= la tiB + 2(ta+B) i neeewe Coleone 


If p be the vector to a point on the diameter of a parabola, the 
point being given by the equation 


p=ma+nB, (a) 


and a tangent to the curve be drawn through this point, then 
(a) must satisfy the equation of the tangent-line and 


t 
2 


ma+nB=-a+tB+a(ta+ f), 


whence 2 
+a and n=t+2, 


o tantVni—2m; (0) 


hence, in general, two tangents can be drawn to the curve through 
the given point. When n> =2m, they coincide; in this case, 


from (a), ne? 
pre ay + np, 


the point being on the curve. If 2m > n’, ¢ is imaginary, and 
no tangent can be drawn ; in this case (a) becomes 


p=(5 +4) +n, 


the point being within the curve. 
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86. Examples on the parabola. 


1. _ The intercept of the tangent on the diameter is equal to the 
Fie. 74 abscissa of the point of contact. 


Since the tangent is parallel to 
the vector ta + 6, or to any multiple 
of it, it is parallel to ?a+¢B or to 


Sat B+ 5a, that is, to (Fig. 74) 


op + OX. 
But 
TP = TO -- OP} 
iy LOOX 


2. If, from any point on a di- 
ameter produced, tangents be drawn, 
the chord of contact is parallel to the 
tangent at the vertex of the diameter. 


If ¢' and ¢' correspond to the 
points of tangency, we have for the eee of contact 


p'— ps Catg—o 5a t'B, 


which is parallel to 


I " 
ose ae 


or, from Equation (0), Art. 85, to 
B+na, 
which is independent of m. 
3. To find the locus of the extremity of the diagonal of a rect- 
angle whose sides are two chords drawn from the verte. 


Let or and or! be the chords. Then 


OP =p = 


- (a 
ye? 


ee (d) 
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The vector-diagonal 6’ is p +p; or 


o= oe atr(y=—y)B, 


which may be put under the form of the equation of the parabola 


by adding and subtracting at J a, giving 
Pp 


=P Da+y—a) B+ 


2 yy" | ; 
= () 


2p” 


But, by condition, Spp'=0. Hence, from (a) and (0), SaB 


being zero, 
2. 12 


pe Gsy =e . alee (1S 2 
ip =0, .: yy'=(2p)?, (d) 


yy 
which in (c) gives 
AE (y fa y” 


pen Men Cee 


° 


Changing the origin to the extremity of 4 pa, 


oa ave at(y—y')B. 

Hence the locus is a similar parabola whose vertex is at a 
distance of twice the parameter of the given parabola from its 
MeRUeRs 

Moreover, from (d), wx'=(2p)?. Hence the parameter is a 
mean proportional between the ordinates and the abscissas of the 
extremities of chords at right angles. 


4. If tangents be drawn at the vertices of an inscribed triangle, 
the sides of the triangle produced will intersect the tangents in three 
points of a right line. 


Let opp’ (Fig. 74) be the inscribed triangle, and one of the 
vertices, as 0, the initial point. Then, for the points p and v' 
respectively, we have 


? 
p= ye +B, 


qe 
p= aie + t'B. 
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Let 7, 72, 73 be the vectors to the points of intersection ; then 


m= or + Ps, =5a+iB +2(ta+ ). 


Also 
12 
7 = x'or'= “(Se + “p) ‘ 
2 1412 
Rs sta==, tta=a't! 
ie i 
Dip ap 
Hence 


Tr. Seca se ee ee se +£B 
i eS AKO LIN: : 
In a similar manner 


tamer 
TT) = Sylar. (52 +8). 


But ; 
73 = OP + ypr'= orp + y(p'—p) 
2 t'?— #? z 
=Setetyl ; a+ (08 | 
Also 
73 = 2B; 
? tr—t ’ — 
gr 5 =0, t+y(t'—t)=2, 
ae 
i 
fay! 
Hence 
2p lly 
iter 
Now 


Qt—t! tit Pt” 


t eb ' 
ny ny — Em =t(Sa+8)—t(So+8)—(—tB=0. 
Also 


2t=t Qt tb 8 
t g! tt! 


Hence 7, 7, and 7; terminate in a straight line. 
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5. The principal tangent is tangent to all circles described on 
the radii vectores as diameters. 


Let ap =p (Fig. 75), a and B 
being unit vectors along the axis D 
and principal tangent. Then, if 
the circle cut the tangent in 7, 
and Tc be drawn to the center, 


T(tc)=T(rc)=T(4FP) ; 
. TO? = 4(p — ma)’. 


Also 


TC=TA+ AF + FOC 
=—728+ma+4(p— ma), 
ro? =[—z8+ ma+4(p—ma) ]’. 


Equating these values of tc’, 
we have, since S8a= 0, 


2’7B’ — 2z8Bp + mSap = 0, 


which gives but one value for z. 


6. To find the length of the curve. 


It has been seen (Art. 62) that, if p= ¢(t) be the equation 
of a plane curve, the differential coefficient is the tangent to the 
curve. Hence, if this be denoted by p'=¢'(¢), Tp'dt is an 
element of the curve whose length will be found by integrating 
Tp' with reference to the scalar variable involved between proper 


limits ; or 
f 
§— SH = Tp. 
% 


ve 
Dior | ea 


s 


For the parabola 
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we have s 
u 1 
Loy T Po be if = 2 2 ban 
p Net pw +p’) 


; OR as y(pr+ iy’)? Pine chee y 
say i (Uta Dp +5 log * 


a 


7. To find the area of the curve. 


With the notation of the previous example, twice the area 
swept over by the radius vector will be measured by (Art. 41, 7) 
TVpp'dt. The area will then be found by integrating TVpp' with 
reference to the involved scalar between proper limits and taking 
one-half the result ; or 


t 
A—Ay=4$ 4 TVpp'. 
For the parabola 


An Ay=3 (RV & nb) (a +3); 


or, Since’a 8 = 90", 


a ida 1 3 
Fei] Ohare 12) Ly aes 
Yo he oo 
From the origin, where y% = 0, to any point whose ordinate is 
ewer L : 
y, the area of the sector swept over by p is sont = ay; adding 
2p ; 


the area yay of the triangle, which, with the sector, makes up 
the total area of the half curve, we have 3a, or two-thirds that 
of the circumscribing rectangle. The origin may be changed to 
any point in the plane of the curve, to which the vector is y, by 
substituting the value p=y+p, in the equation of the curve, 
p: being the new radius vector ; we may thus find any sector area 
limited by two positions of p,, the vertex of the sector being at 
the new origin. Thus, transferring to an origin on the principal 
tangent, distant b from the vertex, p=08+ p,; which, in the 
equation of the parabola, gives 


y 7, 
a=s ety 8; p= at Bs 


APPLICATIONS TO LOCI. 


185 


integrating, as before, between the limits y= 0b and y=0, 


y 1 
1 TV ———— 3 — 1» i 
+f Pipi Gp” g vy 


87. Relations between three intersecting tangents to the Parabo- 


la. [‘*Am. Journal of 
Math.,” vol. i. p. 379: 
M. L. Holman and 
K. A. Engler. | 


Let pi, ps, p3 be the 
vectors to the three 
points of tangency, P), 
P>,, Ps. | Fig. 76], and 
TM) To, 73 the vectors to 
Si, So, Ss, the points of 
intersection of the tan 
gents. Resuming Equa- 
tion (216), where the 
focus is the initial 
point, and a and B are 
unit vectors along the 
axis and the directrix, 


Fig. 76. 


Died 
Pe og eRe ae (©). 
Since p? = —(Tp)’, and SaB = 0, we have for the three points 
Pi, Po, Ps Dene: a) 
Poe Gi 0 ) 
2p 
ib ep 2 
Tp. = —(Ys De saas ca re . b). 
po ape +1 ae (0) 


Tps 


1 5 2 
sa (Ys +p”) 
Dp J 


The vector along the tangent is 


y 
eee 
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and therefore 
1 = po + PoS) = ui —p)a +B +2 (the a 8) 
Pp vi 


1 7,9 
7 = pa + P81 = 5- (Ys —p’)a+ysR +w Ba +B ; 
2p Pp 


whence, equating the coefficients of a and £, 
Z=4(Ys— Yo)» W= 3 (Y2— Ys) 


whence, substituting, and by the cyclic permutation of the sub- 
scripts, 


1 
7 = 9p Wee — pat Ht+H)B | 
1 
T= 55 (Ys — Pat $s + H)B + ceo (C)e 


1 
73 = ap en — Patt +y)B 
From (6) 


— 


1 2 
Tp, Tp, = pt tee) (yz + p”) | 
il 4 2 
Tp2Tp; = Tp! + p’) (ys =k ) apres ae A 


1 9 9 9 
Tp, Tp, = 7p Py ap) 
J 


} 


and from (c) 


9 1 9 9 
(Tz)? = Tp + p*) (ys +p) 


aE ees : 
(Tx)? = Tp + p’) (yr +p’) 


(e), 
(Tr)? = re +p) (y2 +p’) | 


and from (d) and (e) 
(Ts)? = Tp, Tp. 


cmratate| ar eee MON 
(Ty)? = Tp, Tp, j 
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From (¢), it appears that the distance of the point of intersec- 
tion of two tangents from the axis is the arithmetical mean of the 
ordinates to their points of contact. From (f), that the distance 
from the focus to the point of intersection of two tangents is a 
mecn proportional to the radii vectores to the points of contact. 


1st. If ps becomes a multiple of B, 
ane 2 
p= ap —p)a+ YB = 2B; 
05 B= Uy SS Se fle 


Or, the parameter is the double ordinate through the focus, or 
twice the distance from the focus to the directrix. 


Fig, 77. 


2d. If p, is the multiple of p, (Fig. 77), then p2— p; is a focal 
chord, and 
Xpo = Pis 
or, from (ca), 


9 1 9 D} 
ol 58 SS Se mb | =—(yi—p)at np; 
2p 2p 


whence W—-p’ Hn 
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an 
Y(Y2 + DY) = Yo(MYe2 +7"), 
and 
Nyot p= 0. (9) 
From (a) and (c) 


1 Test ae 
Sz3p1 = — ap en — Ps —pP)—-3(m+%)N 


1 9 2 92 
= ag A? (W1Yo+ p’)=9; (h) 


or, «line from the focus to the intersection of the tangents at the 
extremities of a focal chord is perpendicular to the focal chord. 
The vectors along the tangents are 


Pl Sy thm} and P2 — Tez) 
and, from (h), 


S(p1 — 73) (p2 — 73) = Spips + 73° = 0, 


or, the tangents at the extremities of the focal chord are perpen- 
dicular to each other. 
Since, from (9), 


NY2=— p’; 
we have 


il 
1; = ap ee —p)ats(y+y2)B 
=— pat 3(%+ Y)B, 


or, the tangents at the extremities of a focal chord intersect on 
the directrix. 


3d. If p, becomes a multiple of a (Fig. 78), y2=0, and from 
(¢) : 
73 = Bp ens —P)a+3(w+y)B 


p) 
=—fa+%p, (i) 


or, the subtangent is bisected at the vertea. 
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Operating with S ..73 x 


2 2 
Sx; (73 —- pi) = a ee ee 0; 


or, a perpendicular from the focus on the tangent intersects it on 


ihe tangent at the vertex. 


Again, since 7; is parallel to the normal at P,, the latter may 
be written, from (7), 
) 4 
@7r3 = »(—Fo +38) = %a+ 18; 


M 
whence 
1 Yi 
a a ss PEs: 
or 
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hence, the subnormal is constant; and the normal is twice the 
perpendicular on the tangent from the focus. 
The normal at p; may be written 


Ur, = — Za + pry 
or 


o(—Se+ GR) =— eats (Pat nB 


whence, from (0), 


ep ea ee a ees nA (y2'+ p’) = Tos 
2p 

or, the distance from the foot of the normal to the focus equals 
the radius vector to the point of contact, or the distance from the 
point of contact to the directrix, or the distance from the *focus to 
the foot of the tangent. 

The portion of the tangent from its foot to the point of con- 
tact may be written za + ,, in which z has just been found. 
Hence 


1 9 9 1 9 9 
Za + py = pt Sy Bt Mag 2p —p)atynB, 


or 
yy 
Ce op alt (j) 


the portion of the tangent from the foot of the focal perpendicu- 
lar to the point of contact is 
LT eh 1 2 
Fp Octal oo ear ape — p)a+nB, 
or 


yy 2 
—ata=po+ 58, (k) 


or, comparing (j) and (k), the tangent is bisected by the focal 
perpendicular, and hence the angles between the tangent and the 
axis and the tangent and the radius vector are equal, and the 
tangent bisects the angle between the diameter and radius vector 
to the point of contact. 
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(k) is also the perpendicular from the focus on the normal, 
and shows that the locus of the foot of the perpendicular from the 
Jocus on the normal is a parabola, whose vertex is at the focus of 
the given parabola and whose parameter is one-fourth that of the 
given parabola. 


88. The Ellipse. 


1. Substituting in the general equation p= awa + y8 the value 
of y from the equation of the ellipse referred to center and axes 


ay? 4-6? a = a’ 4, 
we have 
PSH tat mie —w)tB . = « 6 (220), 


2 
in which im Be and a and @ are unit vectors along the axes. 
a 


For unit vectors along conjugate diameters, the equation of the 


ellipse becomes 
P= eae a a AB ae SK 22 


Again, if ¢ be the eccentric angle, the equation of the ellipse 
may be written in terms of a single scalar variable, 


P= COStpiete 4 SING sot on teva (222). 
2. From Eq. (220) we have, for the vector along the tangent, 


m x ma: 
— m3(a? — x”) 448 = a ——— ———_B=a—-—~B 
‘ ( Vin Vee — x y 
= X (ya — max) ; 
hence, for the equation of the tangent line, 
r=atatyB+X(ya—meB) . . . (223); 


or, more simply, from Eq. (222), the vector-tangent is 


—sing.a+cos¢. B, 
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aud the equation of the tangent is 


r=cosd.atsind.B+a(—sind.a+cos¢. f), (224). 


Since — sind.a+cos¢. 8 is along the tangent, cosd . a+ 
sind. B and —sing.a+cos¢. ® are vectors along conjugate 
diameters. 


89. Examples on the Ellipse. 


1. The area of the parallelogram formed by tangents drawn 
through the vertices of any pair of conjugate diameters is constant. 


We have directly 


TV[2(cosP?.a+sing. B)2(—sind.a+cos¢. Bf) | 


=4TVa6 = a constant ; 
namely, the rectangle on the axes. 


2. The sum of the squares of conjugate diameters is constant, 
and equal to the sum of the squares on the axes. 


For, since Sa? = 0, 


(cos. a+sind. 8)? +(—sind.a+cos¢d. B)?=a’+4+ B. 


Q 


3. The eccentric angles of the vertices of conjugate diameters 
differ by 90° 


The vector tangent at the extremity of 
p=cosd-a+sind. B (a) 
—singd.a+cos¢d. Bp. 


This is also a vector along the diameter conjugate to p, and is 
seen to be the value of p when in (a) we write ¢ + 90° for ¢. 


4, The eccentric angle of the extremity of equal conjugate diam- 
eters is 45) and the diameters fall upon the diagonals of the 
rectangle on the axes. 
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5. The line joining the points of contact of tangents at right 
angles to each other is parallel to the line joining the extremities 
of parallel diameters. 


6. Tangents at right angles to each other intersect in we cir- 
cumference of a circle. 


od 


7. If an ordinate rp to the major axis be produced to meet the 
circumscribed circle in Q, then 


ODES DisiGnOe 


8. If an ordinate pv to the minor axis meets the inscribed circle 


in Q, then 
QDs BDO Ce 


9. Any semi-diameter is a mean proportional between the dis- 
tances from the center to the points where it meets the ordinate cf 
any point and the tangent at that point. 


For the point p (Fig. 82) we have 


p=cosd.a+sing. B. 
Also 


oT = xOP = 0Q4+ QT 
=x(cosd.a+sin¢. £) 
=cos¢'.a+sing’.8+t(—sin¢’.a+cos¢’. £). 
Eliminating ¢, 1 
~ c08( — ¢')’ 
1 
nel 
cos(p — $') 
ON = v/oPp = 0Q + QN 


=2'(cosP.a+sing. B) 
=cos¢’.a+sing’.B+1'(—sinfd.a+cosd-f). 


Eliminating ¢, 


or 
OT = XYOP = 


But 


a' = cos(¢ — ¢'), 
ON = cos(¢ — $')oP ; 


*, ON . OT= OP”. 


or 
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10. To find the length of the curve. 


With the notation of Ex. 6, Art. 86, we obtain, from Eq. 
(222), 
p\=—sind.a+cos¢d. B, 


Tp'= V (a? — 8) sin? +0’, 
» 
8 — Sy ={vV@ — 6) sin’ d + 0’, 
Po 


which involves elliptic functions. If a=b, we have, for the 
circle, s — sy = fis r(¢ — do). 
From Eq. (220), we obtain 
p'=a—m3(a? — a) —2 x8, 


2.92 


Te i+ COs ete a ie 
SSN e—e Re sN a 


ex 


sS—S§ pea h 
2 a a b) 
J Vaz — oe N ae 


which may be expanded and integrated; giving for the entire 


curve 


Cue 


: e 3 et S58 owe 
27a(1— a — ; 
POP Phe aes? eae, EN! NE Io 2 ule lovey 8) 


a converging series. If e=0, we have, for the circle, 277. 
11. To jind the area of the ellipse. 


With the notation of Ex. 7, Art. 86, 


TVpp'= TV(cosP.a+sin¢d. B)(—sind.a+cos¢d.f) 
= TV(cos’¢ . aB — sin’ . Ba) = TVaB ; 
A 
or, since a8 = 90° om 
+f : TVpp'= } rab. 


: 
%o 


The whole area is therefore zab. 
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90. The Hyperbola. 


1. Let a and £ be unit vectors parallel to the asymptotes. 
Then, from. the equation, 


Ghia iy 


vy = Sel =m, 
we have, for the equation of the hyperbola, 
p=2a+—B be eh 1728s) 2 


or, if a and B are given vectors parallel to the asymptotes, 


p= ta +8 ° ° . fe 4 . (226) 5 
or, again, in terms of the eccentric angle, 


p=secd.a+tand. B. ° . . (227). 


2. The equation of the tangent, obtained as usual, is from 
Eq. (226), 
pata+f+x(ta—F). ae ch WIG (223) 


where ta 6 is a vector along the tangent. 


91. Examples on the Hyperbola. 


1. If, when the hyperbola is referred to its asymptotes, one 
diagonal of a parallelogram whose sides are the codrdinates is 
the radius vector, the other diagonal is parallel to the tangent. 


If (Fig. 79) cx = ta, xr =F, then 


B 


Ce = ta Qx =la —E 
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but ta ae is parallel to the tangent at p (Art. 90). ta bu and 


ta 28 are evidently conjugate semi-diameters. 


Fig, 79. 


2. A diameter bisects all chords parallel to the tangent at its 
vertex. 
Let (Fig. 79) cr be the diameter, ¢ corresponding to the 


point p. The tangent at p is parallel to ta —~F and ce =ta - _ 
p'p" being the parallel chord, : 


cp'= co + op'= v(ta + Bye y(t - 
a 


Also, if t' correspond to P; 


Cris tact 
+; 
x—y 1 
(w+y)t=t! — 
of em eel: 
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Hence, for every point, as 0, determined by a, there are two 


points p' and p"’, determined by the two corresponding values 
of y, which are equal with opposite signs. 
») i fo) 


3. The tangent at Pp, to the conjugate hyperbola is parallel to 
op (Fig. 79). 
4. The portion of the tangent limited by the asymptotes is 
bisected at the point of contact. 
5. If, from the point p (Fig. 79), where the tangent at P meets 
the asymptote, pN be drawn parallel to the other asymptote, then 


the portion of PN produced, which is limited by the asymptotes, is 
trisected at vp and N. 
We have B B 
ON =2ta+2B=ta eG = 2 ba eo 
ce =ta+ : ; 


> TEP ON = OP eh 


at 
and the equation of ss' is 


2¢)” 


p=ta+8 + 0(ta— e) 


whence, for the points s, s, 
Li — einen 


6. The intercepts of the secant between the hyperbola and its 
asymptotes are equal. 


The vector along the tangent parallel to the secant is ta — 
Hence (Fig. 79) 


on! =za= 0 (to +2) + y(ta—4), 
CR ==2 GF x (1 + ;) + r'(v = ‘) 


fe) 


yey; 


but op” = or’ (Ex. 2), and therefore pr" = v'R! 
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7. If through any point ve" (Fig. 79) a line r"P'R' be drawn 
in any direction, meeting the asymptotes in x" and R, then 


pp", pir’ = Ppp’. 


8. If through piv" (Fig. 79) lines be drawn parallel to the 
asymptotes, forming a parallelogram of which p'p" is one diagonal, 
the other diagonal will pass through the center. 


The vector from c to the farther extremity of the required 
diagonal is 


ik ean Meee Israel's ante TREC ara 
Bast, +t "a+ Ww i! eat Se eter ha be lias . 
But tla +8 


required diagonal. 


is the vector from c to the other extremity of the 


9. If the tangent at any point P meet the transverse axis in 7, 
and Pn be the ordinate of the point ep; then 


CT ..CN = 0", 


c being the center and a the semi-transverse axis. 
From Eq. (227), substituting in cr = cp + pr, 


asechb.a=secd.a+tand.B+y(tand sechP.atsec’d. 8); 


ee = 
sec 
and 
CT «CN =(asecd. a) (secd. a) =a’, 
or 


CH GOR OF, 


10. If the tangent at any point P meet the conjugate awis at v; 
and py' be the ordinate to the conjugate amis, then 


Pre ON! ea, 


c being the center and 0 the semi-conjugate axis. 
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92. The preceding examples on the conic sections involve 
directly the Cartesian forms. A method will now be briefly 
indicated peculiar to Quaternion analysis and independent of 
these forms. 


1. The general form of an equation of the first degree, or as 
it may be called from analogy, a linear equation in quaternions, is 


agb + a'gb'+ algo" + + =, 
or 


ago —c¢, (a) 


in which g is an unknown quaternion, entering once, as a factor 
only, in each term, and a, b, a} 0} ..... , © are given quaternions. 
It may evidently be written 


=Saqb + Vaqb = Sc + Ve, 


whence 
=Saqb = Se, (b) 
SVaqb = Vb. (c) 
But 
Saqgb = Sqgba = SqSba +8 . VqVba, 
and 


Vagb = V(Sa + Va) (Sg + Vq) (Sb + Vd) 

= V. Sq(Sa + Va) (Sb + Vd) 
+ V(SaVgSb + SaVqVb + VaVgSb + VaVgVb) 

= SqVab + V(SaSb — SaVb + SbVa) Vq 
+V.VaVqVb +V.VaVbVg —V.Vavivy 

[Eq. (116)] =SqgVab + V(SaSb — SaVb + SbVa — VaVb) V¢ 

+ 2Va8 .VqVb 

= SqVab+ V. a(Kb) Vg +2Va8. VqVb. 


We have therefore, from (}) and (c), 


Sc = Sq=Sba +8 . VgsVba, 
Ve = Sg2Vab + SV. a( Kb) V¢g +25VaS8 . VqVb, 


or, writing 


sSab=d, YVab=s, SVba=s; Sg=w, Ve=p, 
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we obtain 
Sc = wd + Spd} 
Ve= wd + SV. a(Kb)p + 25Va8 . pVb. 


We may now eliminate w between these equations, obtaining 
Ve .d—Se .d8=d2Va(Kb)p — d8pd'+ d2 SVaS . pVb 


which involves only the vector of the unknown quaternion g, and 
which, since V and & are commutative, may be written under 


the general form 
y= Vip + 3B8ap, 


in which y, a, a, + fo) Jos) Coe are known vectors, 7 a known 
quaternion, but p an unknown vector. This equation is the 
general form of a linear vector equation. The second member, 
being a linear function of p, may be written 


Vro-+ 2pSap = Go=—y “ =. = 2 oe 


where ¢p designates any linear function of p. If we define the 
inverse function ¢~' by the equation 


& '($p) = ps 
“ p=p ly, 


the determination of p is made to depend upon that of 71. 


2. Without entering upon the solution of linear equations, it 
is evident on inspection that the function ¢ is distributive as 
regards addition, so that 


ole +6 +3) = det bp +a, : | 280) 
Also that, a being any scalar, | 
Plp= Upp sj. sa es Jem(eolyn 


Ido = Adpis vd, Ts (sean oe. Cae ys 


3. Furthermore, if we operate upon the form 


pp = =BSap +. Vrp 


and 
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with S.oX, o being any vector whatever, 
Sogp = =8S(cBSap) + So(Vrp). 
S(cBSap) = SoBSap = SpaSBo = S(paSBc), 


ie ie = S[oV(Sr + Vr)p|]= SrScp + So (Vr) p 
= SrSpo — Sp(Vr)o = S[p¥ (Kr) a]. 


But 


and 


Hence, if we designate by ¢'c, 
'o = SaSBo + V(Kr)o, 


a new linear function differing from ¢ by the interchange of the 
letters a and 8, and Kz for 7, we shall have, whatever the vectors 
p and o, 


S(o$p) = S(p$'e). 


Functions, which, like ¢ and ¢; enjoy this property, are called 
conjugate functions. The function ¢ is said to be self-conjugate, 
that is, equal to its conjugate ¢, when for any vectors p, o, 


Sodp = Spdc. 


93. In accordance with Boscovich’s definition, a conic sec- 
tion is the locus of a point so moving that the ratio of its dis- 
tances from a fixed point and a fixed right line is constant. 


1. Let F (Fig. 80) be the fixed point or Fig. 80. 
focus, po the fixed line or directrix, and P 


‘ FP ; 
any point such that — = e, the constant ratio 
DP 


or eccentricity. Draw ro perpendicular to A Fok ee 
the directrix, and let Fo=a, op=yy, PD=2%a 
and rp=p._ By definition, 
Se Osert 
T(Pp) 


or 
p= eva. (a) 


Also ptt:=atyy. 
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Operating with S.a x, we have, since Say = 6, 


Sap + xa” = a”, 
or 
x’ a* = (a? — Sap)”. 
Substituting in (a) 
a’ p’ = (a? — Sap)?” eee ed © o) 


in which e may be less, greater than, or equal to unity, corre- 
sponding to the ellipse, hyperbola and parabola. 


Fig. 81. 


2. For the ellipse, Fig. 81, putting p= wa for the points 
A and A we have 


e@ e 
Ah and #w«=— ; 
1+e 1~—e 
or, since p= @a = 2Fo, 
¢ 
Age FO, 
oh 
WA ‘oe FO, 
whence 
AA) ae 2 5 Fo, 
e 
and therefore 
1—eé? 
FO = , 
e 
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which furnish the well-known properties of the ellipse, 


FA = (1 —e), 


FA'= a(1 +e), 


Cr =e, 
—e 
AO = a, 
a 
COl==. 
e 


3. Changing the origin to the center of the curve, let cr = a'; 


then ce=p' and p=p'—a, a= g _— © \a3; whence 
tee l—e Il1+e 
ae a. Substituting these values of p and « in 
a? p? = (a? — Sap)?, 
remembering that a!? = — a’ e?, we obtain 


wp’? +(Sa'p')? = — at (1—e’), 
or, dropping the accents, ¢ being the initial point, 
a’ p” + (Sup)? = — a*(1— e’) % alee EQB4NS 


the equation of the ellipse in terms of the major axis with the 
origin at the center. If p coincides with the axes, Tp =« or 3, 
as it should. 


4. Equation (234) may be deduced directly from Newton’s 
definition, thus: let cr =a (Fig. 81) as before, Fr and F’ being 
the foci, and cp =p. Then 


FP=p—a, ¥F’'P=p-+a, 
and, by definition, 
re +rep=2a 


as lines: or 
T(p—a2)+T(p+a)= 2a, 
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a being the semi-major axis. Whence 
« 


V—(p—a)?= ON a Ne ta). 


Squaring 


Li 4 28a a = 40? —4aV— (p +a)? — p? — 2Spa — a’, 
Spa — a? =— aV—(p +a)’. 


Squaring again 


(Spa)? — 2.a?Spa + at = — a?(p? + 2Spa +a’), 
a? p? + (Spa)? = —a* — aa’, 
or, as before, 
a p? + (Spa)? =— a4(1 — e). 


94, 1. The equation of the ellipse 
ap? + (Sap)?= — a‘(1 — e*) 


may be put under the form 


e. wp + aSap |_ =e 
ecrcer sie 


or, in the notation of Art. 92, writing 


the equation of the ellipse becomes 
Sides Tn. a leriahs Basso 


2. By inspection of the value of ¢p it is seen that, when p 
coincides with either axis, p and ¢p coincide. 
Operating on ¢p with 8. o X, we have 


wSap + ScaSap 


S = — 
hi a1—e) ° 
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ao + aSac 


operating on SS ee 
I Beer a‘(1—e’) 


with S.pxX, we have 


Ss _" _ @ Spa + SpaS8ac . 
sae a(l—e’)  ’ 
hence 
Sppo=Scdp . . . . . . (286), 
and ¢ is self-conjugate. 


3. Differentiating Equation (235), we have 


Sdodp + Spddp = 0, 
Sdpdp + Spddp = 0, [ Eq. (232) ] 
Soddp + Spddp = 2Spddp = 0. [Eq. (236) ] 


If z be a vector to any point of the tangent line, 


z7=p+2dp, 
whence 
Spb(7 — p)=S(7— p) dp =9, (a) 
or 
Sr¢p =Sodp=—SopPr=1. . . . (287) 


is the equation of the tangent line. 

From (a) we see that dp is a vector parallel to the normal at 
the point of contact, being parallel to p only when p coincides 
with the axes, as already remarked. 


4, To transform the preceding equations into the usual Car- 
tesian forms, let i be a unit vector along ca (Fig. 81), and j a 
unit vector perpendicular to it. If the codrdinates of P are x 
and y, then, since a= CF, 

p= wi + Y), 
and 
@p+oaSap = (ai+yj)+aeS . aei(ai + y/) 
ope “v(l—e) ai(1—e?) 
_ @xil—e’)+aryj 
‘a a1 — 2) f 
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or, since 1 — ¢? = 


‘ © i 5) 
7 
*, Sofp =1=—S. i+w (3 +7) 
and 
ay + ba? = Ab". 


Again, if #’ and y/' are the codrdinates of a point in the tangent, 


ms all + y'} 5 


Seip =i =—seeityn(Z+4), 
and 


we yy' + bx’ = a? b?. 


The above applies to the hyperbola when e > 1, that is, when 


i? 
1 —e¢’=— -, giving the corresponding equations 
a 
Vey — ba =— ab’, 
a yy'— ae! = — ab’. 


95. Hxamples. 
1. To find the locus of the middle points of parallel chords. 


Let 8 be a vector along one of the chords, as rQ (Fig. 82), 
the length of the chord being 2y, and let y be the vector to its 


middle point; then e 
p=ytyB and p=y—yp 


are vectors to points of the ellipse, and 


S(y+ 9B) o(y+7B)=1, 
S(y— y8)$(y— yB)=1; 


whence, expanding, subtracting, and applying Equation (236), 


SyoB = 0, 
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the equation of a straight line through the origin. Since $8 
is parallel to the normal at the extremity of a diameter parallel 
to B, the locus is the diameter parallel to the tangent at that 
point. 


2. Equation of condition for conjugate diameters. 


Denote the diameter op (Fig. 82) of the preceding problem, 
bisecting all chords parallel to 8, by a. ‘Then 


SadB = 0, 
or 
SCda= 0. 


In the latter, B is perpendicular to the normal ¢a at the ex- 
tremity of a, and is therefore parallel to the tangent at that 
point; hence this is the equation of the diameter bisecting all 
chords parallel to a. Therefore, diameters which satisfy the 
equation Sad3 = 0 are conjugate diameters. 


3. Supplementary chords. 
Let pp’ (Fig. 82) and pp! be conjugate diameters, and the 


chords pp, pp’ be drawn. Then, with the above notation, 


pp =a—f8, 


p'p=a+B, 


S(a + 8)$(a— 8B) =S(4 + B) ($4 — $8) 
= S(ada — ag 8 + Ba — BSB). 


and 


ee 
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But 
Sada=1, SBdB=1, SadB=Sfda; 


S(a + B)}(a—B)=9. 


Hence, if pp is parallel to a diameter, pp’ is parallel to its 
conjugate. 


4. If two tangents be drawn to the ellipse, the diameter parallel 
to the chord of contact and the diameter through the intersection 
of the tangents are conjugate. 


Let TQ (Fig. 82) and TR be the tangents at the extremities of 
the chord parallel to 8, and or= 7. Then 


0OQ=Xa+yB, OR=Xa+y'P. 


From the equation of the tangent Srdp = 1, we have 


Srd(va + yB)=1, 
Sro(va+y'B)=1. 


Expanding and subtracting 


SroB = 0. 


Hence, Ex. 2, 7 and £, or op and op, are conjugate. The 
locus of r for parallel chords is the diameter conjugate to the 
chord through the center. 
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5. If Qoq' (Fig. 82) be a diameter and er a chord of contact, 
then is Q'R parallel to or. 


RQ being parallel to B, and 0a’ = — 0a, we have 


RQ=2y8, RQ’ =yB— wa— wa — yf; 


whence, directly rQ' = — 2aa; as also Srgdre'= 0, RQ and rQ! 
being supplementary chords. 


6. The points in which any two parallel tangents as Q't! er 
(Fig. 82) are intersected by a third tangent, as rr! lie on conju- 
gate diameters. 


The equation of rr’ is St¢p =1, and that of Q'1' is Sr'do'=1. 
For the point tT; 7 = 7'; whence, by subtraction, 


S7$(p — p')=0. 
7. Chord of contact. 
The equation of the tangent, 
Spoz = 1, 


is linear, and satisfied for both Q and r. Hence, writing o for p 
as the variable vector, 7 being constant, 


Scdr = 1 
is the equation of the chord of contact. 
8. To find the locus of v for all chords through a fixed point 
(Fig. 82). 


Let s be a fixed point of the chord rQ, so that os=co=a 


constant. Then 
Scodr = Sr¢o = 1, 


aright line perpendicular to ¢c, or parallel to the tangent at the 
extremity of os, and the locus of r for all chords through s. 
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9. Any semi-diameter is a mean proportional between the dis- 
tances from the center to the points where it meets the ordinate of 
any point and the tangent at that point. 


op (Fig. 82) and opr being still represented by B and a, let 
oT=2'a and 0Q=p=%+ yf. Then from the equation of the 
tangent, Srdp = 1, we obtain 


Sv'ad(va + yB)=1; 


whence, since SafB = 0, 


xa! Sada = 1, 
or 


Son VOL le va= a”, 
or 
ON . OT = OP”. 


' wae ‘ . . 
10. If pp' (Fig. 82) and pr' are conjugate diameters, then are 
Lae ane 
ep and Pp! proportional to the diameters parallel to them. 
With the same notation 


DP =a— B, p'Pp=a+f8, 


whence 


_OE=m(a—f), or=n(a+fZ). 
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From the equation of the ellipse 


Sm (a — B)m(a—B)=1, (a) 
and 
Sn(a+ 8) dnrn(a+f)=1. (b) 
Now, from (a), since SB¢8 = Sada =1 and SPda = Sadf = 0), 
iia ale 
Similarly, from (0), 
ei == iL 6 
25 OS] Me 


Also 
pp: pd'p::T(a—f): T(a+f) 
. ::Tm(a— B): Tn(a+ B) 


3: OE: OF. 


11. The diameters along the diagonals of the parallelogram on 
the axes are conjugate; and the same is true of diameters along 
the diagonals of any parallelogram whose sides are the tangents at 
the extremities of conjugate diameters. 


12. Diameters parallel to the sides of an inscribed parallelo- 
gram are conjugate. 


Let the sides of the parallelogram (Fig. 83) be 


Te! yy WRAP /E 
and let 
OP=p, 0Q= ps 
Then 
op'=p+a, 0Q'=p'+a, p'—p=P. 
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From the equation of the ellipse, So¢p=1, we have for Q' and P’ 


S(p'+ 4) o(p'+a)=1, 
S(p +2) o(p +a)=1; 


whence, since Sp¢p = Sp' pp' = 1, 


2 Sadp'+ Sada = 0, 
2 Sadp + Sada = 0. 


Sp' da — Spda = 0, 
S(p'— p) ga = SBda = 0. 
13. The rectangle of the perpendiculars fromthe foci on the 


tangent is constant, and equal to the square of the semi-conjugate 
axis. 


Subtracting 


or 


Fig. 83. 


Q! 


Let the tangent be drawn at r (Fig. 83) and on=p. Then 


¢p is parallel to the normal at r, that is, to the perpendiculars 
FD, FD! Hence, or being a, 


op'=2' dp — a, 
OD =a+2Xdp, 


which, since p and p! are on the tangent, in Sr¢p = 1 give 


S(2'¢p — a) dp = 1, 
S(a + xpp)¢p = 1, 


a! (hp)? = 1 + Sadp, 
® (hp)* = 1 — Sadp ; 


or 
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whence 
Te'pp = v'p'= TP, 
fp 
Tadp =FD = T— mage 
fp 
and 
1 — (Sap)? 
FD X F'pD! = T—_—_-. 
(pp)* 
But 4 
»_ (_ Cp taSap\? _ (a? p*) + 2a*(Sap)? + o°(Sap)® 
(gp) — wal — ¢) a ee &)? 
or, substituting ap” from Equation (234) and a? =—a’e’, 
a, (Sap \e-- a: 


ade ey, 


Also 
3 ; a a Sap + a?Sap PP a*— (Sap)? 
aha am f waa—e) | a 


a’ — (Sap)? a&(1 — e*) 
at (Sap)? — a4 


=. 6D X Fp’ =P ==.0° (1 —.*)'==: 67, 


14. The foot of the perpendicular from the focus on the tangent 
is in the circumference of the circle described on the major axis. 


To prove this we have to show that the line op (Fig. 83) is 
equal toa. Now 


Ob=a+xXdp 


4. PPL pp (1 — Sap) 
Baap) 


from the preceding example. Hence 


2 4 2Sadp(1 — Sabo) (1 ~ Sadp)* 


eae 2 5} 

es (Pp)? (¢p)° 
_ 2 , 1 — (Sadp)? 2. & (Sap)? ah — &) 
aac: ($p)” Ge eS (Gap) ot 


=—¢?e?—v’(1—e&)=—a’; 
SOW ae (ts 
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The Parabola. 


96. 1. Resuming Equation (233) and making e=1, the 
equation of the parabola is 


a” p” == (0? — Sap)? Sac mee eC (238), 

which may be written 
p+ 2Sap — a~?(Sap)? as, 
5 = 


a = 
or ‘ 
Sp p+2a | = 
in which, if we put : 
pp = cee 


« 
we have for the equation of the parabola 
So(doce Ze )\= lis 2 ead 
and, as in the case of the ellipse, 
Soedp=(Sppank. a7 0 (52 ee UCtO ye 
Operating on ¢p by S. aX, we obtain 
Saddp = 0, se on 
hence, ¢p is a perpendicular to the aais. 
Operating on ¢p by S. p x 


I S 2 ‘ 
Spgp =P — 8 (See) _ 62(pp)?. . . (242), 


2. Differentiating Equation (239), we have 
2 Soddp +2 Sdpa7! ass (Nh 
For any point of the tangent line to which the vector is z, 


r=p+xdp, 
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from which, substituting dp in the above, 


Sed(t7—p) +S8(r—p)a?=0, 
S(ppz — php + 7a~'— pa") = 0; (a) 


or, since Spdp = 1 — 2 Spam! [ Eq. (239) ], 
Srp — 1 + 2Spa7) + Sra! — Spa7! = 0, 

whence 

SxGpp-a Sow =)... 8. (248); 
‘the equation of the tangent line. 

3. From (a) we obtain 

S(a —p) (pp +a") =0; 

or, since 7 — p is a vector along the tangent, 
bp +a 


is in the direction of the normal. 


4. If o be a vector to any point of the normal, the equation 
of the normal will be 


T= phaldp tat). . . . . (244). 


5. The Cartesian form of Equation (239) is obtained by 


making 
S p=xityj, a=vo (Fig. 80)=—pi; 


a ae 
ai + yj —— é 
co) ibabice ais" if ed 
me Fie (oe 
whence, Equation (239) becomes 
¥ oe oe =1; 
Pe 2 


oe f= 2pe + p*, 


the equation of the parabola referred to the focus. 
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97. Examples. 


1. The subtangent is bisected at the vertex. 


Fig. $4. 


We have (Fig. 84) rr = aa, which in the equation of the tangent 


S7(¢p + a7') + Spa" = 1 
gives 


Sxa(dp +47!) +S8a7'p = 1. 


But Sadp = 0; hence 
*+Sa'p=1; (a) 
multiplying by a 
wa + aSa-p =a, 
(a —4)a=a—4a—aS8a7'p 
= 4a —aSa"'p, 
AT = — AF — aSa7!p. 


But the value of dp gives 


a dp = p—a-'Sap; 


APPLICATIONS TO LOCI. oii 


and, since ¢p is a vector along mp and a7!Sap a vector along rm, 
from p= ¥M + MP we have 


¥M = a"'Sap = aSa~!p, (0) 
MP = a’ Gp ; (c) 
*, AT=— AF — FM=— AM, 
or, as lines, 
AT = AM. 


2. The distances from the focus to the point of contact and the 
intersection of the tangent with the axis are equal. 


La = a — aSa~'p, 
or (Fig. 84), 
(rr)? — (a = aSa~'p)? 


— (a _ a'Sap)? 
__ (ai Sap)* 
= a2 

[Eq. (238) ] = pp 
co eh == ETS 


3. The subnormal is constant and equal to half the parameter. 


The vector-normal being ¢p+a7! (Art. 96, 8), we have 


(Fig. 84) 
PN =2(do +074); 


but 
PN = PM -+ MN 
=—a'dp + xa ; fx. 1; (e)] 
507 2(pp +47!) = — a’dp + Xa, 
2 = — 07 =a", 
or 
Ca — I va —as 


or, the distances MN and Fo are equal, and the subnormal = p, 


a constant. 


4. The perpendicular from the focus on the tangent intersects 
it on the tangent at the vertex, and sq = }mp (Fig. 84). 
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Since (Ex. 2) rp =Fr= pp, Fpis perpendicular to rr or par- 
allel to pn. Otherwise : 


NP =—2(fa+a7!)=a?(¢p +471) (Ex. 3) 
=a'dp +a=MP-+ FO, Px cL een] 
a’dp +a= FO + OD = FD. 
But 
trp =FQ=to'dp + 4a 
= ya'dp + FA; 
~ $a’hp = AQ = 4 MP. 


5. To find the locus of the intersection of the perpendicular 
from the vertex on the tangent and the diameter produced 
through the point of contact. 


Let rs=o (Fig. 84) be a vector to a point of the locus. 
Then 
FS = FA + AS=FP+ PRs, 


o=ta +2(g¢p +a") = p+ aa. 
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Operating with x S . dp, then, since Sa¢dp = 0 [Eq. (241)], 


2(pp)* = Sobp =a" ( hp)”; [Eq. (242) ] 
55 2 Shee 
and 
o=hata’(gp tan!) = fat ody, 
or 
s— 20 app. 


Operating with x S.a 


S(o— ga)a=0, 
Sca = — 8(Ta)’, 


or [Eq. (180) ], the locus is a right line perpendicular to the 
axis and 3p distant from the focus. 


6. To find the locus of the intersection of the tangent and the 
perpendicular from the vertex. 


If the origin be taken at the vertex, then since dp +a7' is a 
vector along the normal, the equation of the locus will be 


-1 
a= w(dp+a-’). (a) 
To eliminate x, operate with S . a x which gives 
S] =i xv 
x%=Sam, whence Sa'’r=— —. 
wv 


To eliminate p, the equation of the tangent, Sr(¢p + a7!) + 
Soa! =1, for the new origin becomes 


s(= +$)(40 +6) Spa 1, 


or 
2Srdp + 2 Sa-'7 +2 Sa7'p ==il, 


Operating on (a) with x 8S. dp, whence Srdp = «(¢p)’, the 
preceding equation becomes 


22( dp)? —=2 + 28ar%p =1. (b) 
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Also [Eq. (242)] Spdp = 0?(¢p)’, which, in the equation of 
the parabola Sp(¢p + 247’) =1, gives 


a’ (pp)? + 2Saq'p =1. () 
Whence, from (2) and (c), by subtraction, 


A 20 
eos 2 ata + at 


But, from (a), 


(dp)* = 


w—2eSra +a? ni 


Sah 
~ 2 


2 


Equating these yalues of (¢p)*, and substituting the value of x, 
27? Sar — a? x” + (Sar)? = 0, 


which is the equation of the locus required. To transform to 
Cartesian codrdinates, make 


rT=v ty, and a=, 


whence 
r=—(v+y’), Sar=—ax, &®&=—, 
and 
3 
x 
oe 
a 7, 
J a f 
ie 


the equation of the cissoid to the circle whose diameter is the 
distance from the vertex to the directrix. 


loa sf Chae te 
7. If pp! (Fig. 75) be a focal chord, and pa, pa' produced 
meet the directrix in D, D, then will pp and p'p! be parallel to ar. 


AD = — ®AP = AO + op} 


Q Qa 
e(=—p)\)=—+ 
€ P) 2 yy: 


Operating with S .a x 


or 


aa? — 2 Sap) = a?. (a) 
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Now rp=p and Fr'= —2'p are vectors to points on the 
curve, and hence satisfy its equa- 
tion. Whence [Eq. (238) ] Big. 75 (bis): 


a”p? = (a — Sap)’, D 
x" a*p? = (a” + v'Sap)? ; 


1. &?(a? — Sap)? = (a’+ 2'Sap)?; 


or 
x' (a? a Sap) ar Je x'Sap, 
re ax' (a? — 2 Sap) = a”. oO 
Hence, comparing with («), aa 
or, the sides produced of the 
triangle arr are cut propor- 
tionately, and therefore p'p' is 
parallel to ar. 


8. If, with a diameter equal to three times the focal distance, 
a circle be described with its center at the vertex, the common 
chord bisects the line joining the focus and vertex. 


The equation of the curve being 
ap? =(a? — Sap)’, (a) 
that of the circle whose center is A (Fig. 75), referred to ¥, is 
of the form [Eq. (210) ] 


te Dp ye 28. 
or, by condition, 


‘ Z 2 
p= Sap + 750 
which, in (a), gives 


Sap =<, 
Op 4 


which is the proposition. 


222 QUATERNIONS. 


98. The Cycloid. 


1. Let a and @ be vectors along the base and axis of the 
cycloid and T8=Ta=7r, the radius of the generating circle. 
Then, for any point Pp of the curve, 


x=76—r sind=7r(6 —sin6), 
y=r —rcosd=r(1—cos@), 


and the equation of the cycloid is 
p=(6 —sind)a + (1— cos6)£. 
2. The vector along the tangent is 
(1— cos @)a+ sin. B, 
and the equation of the tangent is 
a7 = (6 — siné)a + (1— cos6)B + t[(1— cos6)a+sinéd. B]. 


3. The vector from p to the lower extremity of the vertical 
diameter of the generating circle through P is 


pc = —(1—cosé)8+siné. a, 
and, from the above expression, for the vector-tangent Pr, 
S(PC PE) = 08 


hence pc is perpendicular to the tangent, or the normal passes 
through the foot of the vertical diameter of the generating cir- 
cle for the point to which the normal is drawn, and the tangent 
passes through the other extremity. 


4. If, through p, a line be drawn parallel to the base, 
intersecting the central generating circle in @, show that 
PQ =1r(7—G) =are Qa, A being the upper extremity of the 
axis. 
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5d. With the notation of Ex. 6, Art. 86, 
p! == (1— cos @)a + sing. B, 
p” =—[(1—cos6)? + sin’6]7”, 
To! = 7 V1— 2cos6 + cos? + sin?6 = r V2 — 20s 


mas ran tL . 
=2rsint0; 


AU) 

A 0 

S—S= ( 2rsint6=[4r cos3 6]. _ = 87, 
2 . 


the length of the entire curve. 


6. With the notation of Ex. 7, Art. 86, 


TVpp'= TV[ (0 —sin6@)sin6@ . a8 + (1— cos6)?Ba] 
= TV[ (6 sin — sin’ — (1— cos6)?]aB 
=7"(6 sind + 2cos6 — 2). 
0 
A—A,)=7" | (@siné + 2cosé — 2) 

ey 5 2 
= [ FGing — 6cosé + 2siné — 26) | 

2 27 

0 


=| 5@sing — 6cosé — 26) |= 307”, 


27 


the whole area of the curve. 


99. Elementary Applications to Mechanics. 


1. If 6 be the magnitude of any force acting in a known di- 
rection, the force, as having magnitude and direction, may be 
represented by the vector symbol 8, which is independent of 
the point of application of the force. In order, completely, to 
define the force with reference to any origin 0, the vector oA=a, 
to its point of application a, must also be given. For concur- 
ring forces, whose magnitudes are b! bj! «+ , we have, for the 
resultant, 8 = >8; which is true, whether the forces are compla- 
nar or not, and is the theorem of the polygon of forces extended. 


For two forces, Bb = B'+ Bes whence prs pe + BP + 28'B", or 
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b? = 6? +)! + 2b'b" cos6, which is the theorem of ihe parallelo- 
gram of forces. For any number of concurring forces, the con- 
dition of equilibrium will be 3@’= 0. For a particle constrained 
to move on a plane curve whose equation is p= ¢(t), dp being 
in the direction of the tangent, since the resultant of the ex- 
traneous forces must be normal to the curve for equilibrium, we 
have 


Sdp3B'= SdpB = 0. (a) 


2. If oa'=a/ and f' is a force acting at a{ then TVa'B'=a'b' sind 
is the numerical value of the moment of the couple 8' at a' and 
—f' at o. Representing, as usual, the couple by its axis, its 
vector symbol will be Va'8! If —' act at some point other 
than the origin, as c} and oc!= y', the couple will be denoted by 
V(a'—y')8! From this vector representation of couples, it fol- 
lows that their composition is a process of vector addition ; hence 
the resultant couple is XV(a'—y')B; and, for equilibrium, 
SV(a'— y')B'=0. If the couples are in the same or parallel 
planes, their axes are parallel and TS=3T. Since a'—y’ is 
independent of the origin, the moment of the couple is the same 
for all points. Since V(a'— y')'= Va'B'—Vy'B; the moment of 
a couple is the algebraic swum of the moments of its component 
forces. If the forces are concurring, and a! is the vector to 
their common point of application, SVa'B'= Va'B'= Va'36'= 
Va'B, or the moment of the resultant about any point is the sum 
of the moments of the component forces. When the origin is on 
the resultant, a! coincides with ' in direction, and Va'8=0; or 
the algebraic sum of the moments about any point of the resultant 
is zero. If a single force B' acts at a} we may, as usual, intro- 
duce two equal and opposite forces at the origin, or at any other 
point c) and thus replace B',, by B') and Va!) or by B', and 
V(a'—y')B! If be a unit vector along any axis oz through the 
origin, then the moment of f' acting at a! with reference to the 
axis oz, will be —S'a', or —S. CVB'a! If B' and ¢ are in the 
same plane, in which case they either intersect or are parallel; 
or, if the axis passes through aj there will be no moment: in 
these cases, a} B' and ¢ are complanar, and — S@'a'€ = 0. 


APPLICATIONS TO LOCI. 225 


3. If the forces are parallel, their resultant 8 = ='= 30'Uf’ 
= UfS3b'; and, therefore, for equilibrium, =T6'= 3b'=0. The 
moment of a force with reference to any axis oz through the 
origin being —S$'a'¢, and the moment of the resultant being 
equal to the sum of the moments of the components, we have 
SBal= S8'a'¢, which, for parallel forces, becomes S(3b!. UB . al) 
= 8§(U63Sb'a'. €), which, being true for any axis, is satisfied 
for 30'. a= Xb'a!'; 

Bal 
ec (b) 


which is independent of U8, and hence is the vector to the cen- 
ter of parallel forces. When 3b'=0, the above equations give 
f6 = 0 and a = o, the system reducing to a couple. For a sys- 
tem of particles whose weights are w} wi}! -----, we have the vec- 
Sw'a! 
Sw! 
Zw'(a — a')=0; whence, if the particles are equal, the sum of 
the vectors from the center of gravity to each particle is zero; and, 
if unequal, and the length of each vector is increased propor- 
tionately to the weight of each particle, their sum is zero. For 


w'sa! 


equal particles, a = 
Sw!” 


tor to the center of gravity a = From this equation, 


, or the center of gravity of a system of 


equal particles is the mean point (Art. 18) of the polyedron of 
which the particles are the vertices. For a continuous body 
whose weight is w, volume v, and density p at the extremity of 


Spdva!' . m : K 
iy he , in which } may be replaced by the integral sign 
Spdv 
if the density is a known function of the volume. For a homo- 


dva! . ° ° : 
, Which is applicable to lines, surfaces 
v 


geneous body, a= = 


or solids, v representing a line, area or volume. Thus, for a 
plane curve p= $(f) =a} du =ds=Tdp = T¢'(t)dt and 


__ JS eOrscom 


— frsae T¢! (t) dt 
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4. General conditions of equilibrium of a solid body. Let 
the forces £) Bl! +, act at the points aj aj! +»: of a solid body, 
and oa! =a! oa! a afl a+ . Replacing each face by an, equal 
one at the origin and a couple, the given system will be equiva- 
lent to a system of concurring forces at the origin and a system 
of couples. Hence, for equilibrium, 


>p'= 0, (d) 
SVa'p'= 0. (e) 


Let € be the vector to any point x. Then, from (d), 
V. €36'= 0, and therefore, from (e), V. €28'= =Va'B'; whence 


XVBla!— SVB'E = BVB'(a'— 6) =0. (f) 


Conversely, € being a vector to any point, the resultant couple, 
for equilibrium, is 3V(a’— €)B'=0; .*. 2Va'B’=0 and 3f'= 0. 
Therefore (f) is the necessary and sufficient condition of equi- 
librium. 

This condition may be otherwise expressed by the principle 
of virtual moments. Let 3, 8! «+ be the displacements. Then 
the virtual moment of f' is — 8@'d'; and, for equilibrium, 
=88'5'= 0. This equation involves (d) and (e). Thus, if the 
displacement corresponds to a simple translation, 6!= 6!'= 6!" 
= ete. =a constant, and .we may write +83's'= S33p'=0; 
whence, since 3 is real, 3@'’=0. Again, if the displacement 
corresponds to a rotation about an axis Z, ¢ being a unit vector 
along the axis, 


al= {-*la'=£-1(Sla'+ Voa!) = — (84a! — LV La} 


the last term being a vector perpendicular to the axis. Fora 
rotation about this axis through an angle 6, this term becomes 


20 ; 
— 6% WVéa'= — £c086 Véa'+ siné Véa! and a! becomes 
a= — Bla! — £cos6 Véa'+ sing War 
which, for an infinitely small displacement, 


= — (Sla'— 6Vla'+ 0VEa! 
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Placing the scalar factor under the vector sign and writing ¢ 
simply for 6¢, to denote the indefinitely short vector along oz, 


a+ 9’ =a!+ Vla!; 


or, 6'= Vga! Hence 38@'3'= 388'Vla'= S£3Va'B"; or, since ¢ is 
not zero, SVa'B'= 0. 


5. Illustrations. 


(1) Three concurrent forces, represented in magnitude and 
direction by the medials of any triangle, are in equilibrium. 
(See Ex. 2, Art. 18.) 


(2) If three concurring forces are in equilibrium, they are 
complanar. By condition, 6'+ "+ ,''=0. Operating with 
S. 6'B" x, we have §@'B"B'"= 0 

(3) In the preceding case, operating with V. $'x, we have 
Ve'B"+VB'B'""=0; whence, since the forces are complanar, 
TV6'B"= TVB'B!" or b'b" sin(B} B") = b'b'" sin(B! Bl"). A sim- 
ilar relation may be found for any two of the forces ; whence 


OiUhs OS eI Bas) sith (s..10") 00 (bs 6 ye 


(4) If two forces are represented in magnitude and position 
by two chords of a semicircle drawn from a point on the circum- 
ference, the diameter through the point represents the resultant. 


(5) A weight, w! rests on the arc of a vertical plane curve, 
and is connected, by a cord passing over a pulley, with another 
weight, w!! Find the relation between the weights for equili- 


brium. 
(a) Let the curve be a parabola, and the pulley at the focus. 
Then, from Eq. (a) of this article, the equation of the curve be- 


Wigsp =< a (y’— p’)a+yB, we have 
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in which 7 = radius vector. Hence 


gy ee 9 
—=w'+--w"+=w"=0, 
Pp joe: ae 
or, since r=a2+p, w'=w!' Hence, if the weights are equal, 
equilibrium will exist at all points of the curve. 


(b) Let the curve be a circle and the pulley at a distance m 
from the curve on the vertical diameter produced. With the 
origin at the highest point of the circle, p= aa + V2Re — x8. 
Hence, x being the distance of the pulley from w; 


s(* — 76 is «) (we alia Ut Ie ew) =O) 
y r 
rie rw! 
ne oe 


(c) Let w be placed on tlie concave are of a vertical circle, 
and acted upon by a repulsive force varying inversely as the 
square of the distance from the lowest point of the circle. To 
find the position of equilibrium. ‘The origin being at the lowest 
point of the circle, and 7 the distance required, let p be the 


: : : i iver : 
intensity of the force at a unit’s distance; then 2 will be its 
intensity for any distance 7, and : 


if eT ay 
ste) (Hf a) ao 


whence an 
3) PR 
iT 20 


(d) Let w!' rest on a right line inclined at an angle 6 to the 
horizontal, and connected with w!'' by a cord passing over a pul- 
ley at the upper end of the line. Find the relation between the 
weights. With the origin at the lower end of the line, its equa- 
tion isp=«a. If B is in the direction of w} then Sa(w'B+w"a) 
=O. vyii—' sing. 


(6) To find the center of gravity of three equal particles at 
the vertices of a triangle. a, B, c being the vertices, the vector 
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from a to the center of gravity of the weights at a and B is 
ZAB=AD. The vector to the center of gravity of the three 
weights is $(AB + AC) = 3AB+ap0 = 4aB+a(—4$aB+ AC); 
*, w=4, and the required point is the center of gravity of the 
triangle. 


(7) Find the center of gravity of the perimeter of a triangle. 


(8) Find the center of gravity of four equal particles at the 
vertices of a tetraedron. 


’ 


(9) Show that the center of gravity of four equal particles 
at the angular points of any quadrilateral is at the middle point 
of the line joining the middle points of a pair of opposite sides. 


(10) The center of gravity of the triangle formed by joining 
the extremities of perpendiculars, erected outwards, at the mid- 
dle points of any triangle, and proportional to the corresponding 
sides, coincides with that of the origina] triangle. Let asc be 
the triangle, Bc= 2a, cA=2£ and «a vector perpendicular to 
the plane of the triangle. Then, if m is the given ratio, B the 
initial point, and R,, Rs, R; the extremities of the perpendiculars 
to BC, CA, AB, respectively, 


BR} =a+ Mea, BRe=2a+B+mcB, BR=a+B—me(a+f); 
-, £(BR, + BR, + BR3) = $(4a+4 28) =$[2a+4 2(a+ B)]. 


(11) To find the center of gravity of a circular arc. The 
equation of the circle p=r(cosé.a-+sin@. £6), gives dp= 
r(—sin@d.a+cosé. B)dé6; 


[sO TH! (0) a6 {r(cos6 -a+sin6. B)d6 


i ft! (0) a6 ff fu 


For an are of 90) integrating between the limits 5 and 0, 


ir ay 


ones Bes + 8), the distance from the center being Zan 2; which 
Tv T : 
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may be obtained directly also by integrating between the limits 


7 7 = ate . * 
i and —“. For a semicircumference or arc of 605 we have, in 


like manner, Zh and eh 
T T 

(12) If a, 8, y are the vector edges of any tetraedron, the — 
origin being at the vertex, then p—a, B —y, a—f are lines of 
the base, p being any vector to its plane. Hence this plane is 
represented by S(p—a)(B—y)(a—B)=0; «.*. Sp(VosB + 
Vya+ VBy)—SaBy=0. If 3 be the vector perpendicular on 
the base, 


SaBy 
8 = Vv Vv V y= 5) 
(WB + Wyle h VB) Se pa 
and, taking the tensors, 
T (Va + VBy + Vya) = oe = 2area base. 
alt. 


But VaB + Vy + Vya + VGa+ VyB + Vay =90, in which the 
last terms are twice the vector areas of the plane faces. The 
sum of the vector areas of all the faces is therefore zero. Since 
any polyedron may be divided into tetraedra by plane sections, 
whose vector areas will have the same numerical coeflicient, but 
have opposite signs two and two, the sum of the vector areas of 
any polyedron is zero. These vector areas represent the pres- 
sures on the faces of a polyedron immersed in a perfect fluid 
subjected to no external forces. For rotation, since the points 
of application of these pressures are the centers of gravity of 
the faces, to which the vectors are 


s(at+Bt+y), 4(B +2), s(y+B), slaty), 


we have the couples 


—¢ViGa th +y) (Vos +VBy+Vye) + (a + 8) VBo + (8 + y) 
VyB + (7 + 4) Vay} 
=—4$V(aVBy + BY ya + yVaB), 


since aVa6 + aVBa=0, etc. But, Equation (123), this sum is 
zero. Hence there is no rotation. 
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